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A'QSTRkCT

A pricrity que'Ie is a d~ata structure f'cr rrantairinr a

collection. of' iterrs, each havinp an assoCieted key, such

t 2e- the it em- with the larpest icey is easily arr'essib~

Pri or! t. uue imrler'ernted by usin.P hear, k-2ry tree,

sinele lt-ked-list, lef'tist tree, linkel tren, AVI-tre-, 2-3

tree, ea fired priority -propzerty. '.equirod sto-ree f'or ea-rh

m~ethod was ebtaired and the worst caso tirre analysis was

c~ore in termrs ofO the nurber of0y-0 ~ aiOS n e

exchanges during tne insertio" ani deletion -orecess.

Finally, each of' these riettocis were riwn cr-P,-,

T~rIrStjk'1C1- SYSTEYi at '-PS *as ir. n ; if f e r er ra-c' '"v-her

i:=n erators t' .'t the averagei CPU t !Te f,, i- s=eti cr an~d

deleion rCceSS.
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P-ricrit-r cueues are i nare t ed by uig heu -r

tree, sirnly linked list, leftist tree?, linkced trzam, 'kV T

2re -3 tree and fixed prio'rityr 7roterty in tIIS rescer-i.

In order to understarl howi these imple7-ented methcis wrr's, a

reader neels to be familiar wit', tne f'ollowinE-1 ccrrepts.

A-data tyjg is a tern whi(ch refers to the Rnsof' data

th at vaialeis !rey ho in 2 r~a- The sir-1lest deta

types are the fixed-point vallues, floatipnR-Dcirt rumrbers,

-oical vzlups, and characters all retresente'i Ps spqie-ces

cf' bits. Thmesm elemrentary !eta ty?=es are eonsidsr=1 t c Ie

z)rimi t Ive d at a s trut'VIr es . lot-ever, 0o rovi de fr

Trccssirr m'f more corinlex information. it is rermsazry to

Construct !-Cre ccpi-iatea aata struc-ttres to serve ;: -

int-rne~l re!oresertasior of tn? inf'or:asio.

i'ata obier't is a term.i rmeferrin.g tc a set Cf elements.

sa' . eo xi-r-ve the 9 ata object intr r r e er toC

D~e±,2...r may be finite or infinite a r a i J is

yern 1arfre, SD-Cial ways off represe-tirz its elerts 11' a

cCmiputer mra,. be needed.
Acata structure can he aefine4i 6s, tte des-rittir.:: of

the et cf~ wnbioi ad the sp-!ficaticn n! tI-e c=_ rf

E oteation wnic imaylegally be applied to ele-ents cf t t -

data nb ict?c t r i..tejT!rs, therm wnul4 Im V-~ ?ritnr-=t4-

oneratior~s +--, and pe-haps :nzry ctters suo.h es rre! ~t,

ereater than. less teetc. The=I~t object ln:=r-r -!us a



desr~ti~"of "now ---,, ,:t'. I-avm ccrnstitutes p at

5 tr I Cture definition. E4 Data strutvltres are 1=512 tc

rettwc tasi reur -nts

I) To reDresent Vie external infor,e-ticm in. 2 unicuc an.4

,namnbipuc,!-s fashicn.

Ii I Tc faci. late efficient mraninpltion of tte date by the

A. rnce(usually called a re-ccrl. cr a s t rtc-tu r e 4-s a

a'~cir flt r2l~'.~'hie~i ~. feld. A field can -cntaij.- an ar7ray nr a ,ri'-t1e data

poirn t value, or it can contein 2 nci nte: to ar ther

no'ie[!1 . A t re is a r*zn ecIsc-~ ..

F-e s) in wh i- the re a re t c lccs ar! viezs arr~~

4-~! fror which ever-T c-.:er- caro be~~~ .

the edo-es rthei r D r : Irecticns',.

Trees ae a s ezI e s of 1 noln eer s tr'! -ture of

ro~iirabe -nrtace1,ccrnuter sce"e artly ~~t

tt e y oroviae natural rezesentaticns focr !7amy s: ts ofq

nested daeta t1-'et ccr'ur in ccmnuter :1 -=on ra' 'at. 4

because they are usefjl in solvinp a vide ve2r Iety c f

al~~r~~'ic-rrbl-rms. r'!!.-are Brs5? ra vazrie ties of tr~ns

wtich can be -1ef1inea in: -a reeenattInnenen J2'Q
VDartiru1ar one w- 1 ch will ,r cr= a

if "esearch Is binary trees:

A -tinary tree is a finite set c+-' e~,ns e~~ -c~es

%rnichl, is er-.ty or else satisfies tne follcwin-z:

CR
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i T_,e-is e istinzIsied n called tl ot

i i the remaining nci~es are ivided into twr c s.-n

subsets, L ana R, each of wni'-h is a ' ,irary Tree.

T, is V-1m left sultree Pf the rco: and R i~s the r:Zn

su bt:ree o" t-e root £1?1.

"Pi r a r trees are rezresen-ed 11 2,:rr ~ ars s -:1

as the on- in fieure 1. if a nctie w is the- rot of the_

let~i~t~subtree of a rode v, w is the left(rignt's J_ I ~

o f iv an! is t*-e= n~ar-ent or fatter of v'. 1 leaf in a tr:?= is

e node wnict has no doscerdiznts. tLeeves can elsn te cle

terminal r~c!!=s o" external rncles. whtile noni~ares will '-e

celleciL internal nodes. The ce_ ree of a nOfie M.: ? tree Is t-0

Inur t~er of s,' t r ees i.t haes. Th leve. cf t-_ "-t ic '.:an

ipvel of any; otter nolle is one -!us the 1=- cv ?f i-s -ri-.

(%.rt; n heZ I! tie T%" A 07t) ;- Cf at~c r c t=

C-0' te l velIs 0of i ts 1 e v 5 A C 1: P -o -er t

b i tl~~~~- =rs Cn at --St %; Z z- v

A-- 4iwhch th- leaves at thNo:-,n-rst lov-1 li

i in t ne l e fotmTos t po s it io ns of 131. T e s Cn Uar !r=

in fip'jre 1 is cor'plete binary tree. ialanp-ec bi~~ reis--

-~ a binary tree with leaSves cn at tPIcromcst tw* lcv~ls.

7 *i rt're



jStacks a nd aueues are sequences T1_ ite! s. wt'i'?1 are

peritted to qrow and contract oni by followi . spe 4 , a!

a disciplines f±cr addIr. and rem ,,inr i tems at t.eir e'd.
i points.

Ir a stack, all insertions and ieletiors are dore at only

one end of a sequence. Staczs have the property that the

last iter inserted is the first iter that -a- be rm.roved ead.

for this reason, they are sometimes called LI O lists, after

4his "last-in,first-out" 'roperty.

In a queue, all insertions are done at one end, alled the

rear or beck, end all deletions are lore at the other end,

called frcnt. Cueues have the )rojmrty that tte f1rst Ite"r

inserted is the first it97 that can :e re-ovted Fni, fr .

reason, th ey are sometimes called I!FO lists, after thi s

linear order fcr their items corresoc i - .' tc th--r o-der

of arrival . Thus, queues are used where we wish o -rocess

items under a "iirst-ce first-seved dscipiine-[r1Z

In addition to LIFO ard IFTC lisciolines there is a
" rge~-n~u'~"dirst-cut " disip.in. dat str',ctur ','h

follows this discipline Is called a nrlority cueue.

Xb
miA
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A. ATIS k PRIRITY C'

A priority q ueue is a late striurture wtich '-Ids late

iters with an associated Priority. Items -an be irsrted in

the T)- oit queue ir. an. a rbi trary crMi-r ~u t -,.r riv.rm

tir~e only the item" with the hi hest priority in the r)-lority

queue ray be accessed or 'leleted,. Vor- procisel~y, if' Zis a

proity qiveue ea X is an item conteIrininz a p-iOri tY +'-C a

lirparlyr-orde.re set, ther f'cllcwinc o-erations a.-, defirad:

Create().. Creete ar ernty -priorlt:'r cucu.

Ts-ntpn( ) . . .. Test whether a nr! o! rty ou=.i_ is e rnty.

insert(X,C).. Add iter., X to thq Polletion of'I itg"s ir C .

relt~()... emp(va the i ter wi ts' th~z tje tr prr ity

on hec~ If ~Isem' ty- t nen el te C.

'Best(C)60. ... neturn the i te-, wi t' t h i 1:Fst ~r icr I t

PfLrc(X).. Cc:7pute tfie -ri ori ty o f the i t e X.

Tr s are mostly used to im~nterent nriority ctuu:s. k.s

it will be seen in the next chapters, nc~e relpreserntetiors

are assured tc contain on~ly a 'nricrity f'io1d, noirtars to

an~oth~er nnaes, and sore inte~er fields. 93ut, in fart, in

a CILi tI On toc this in±'criaticn, t'.ere ray 're other nieres of'

information. or pointers to partic-lar events or o 'b s whi -h

have to te e xe c,,IVea. A r ode s -ruture ir a r r +,, c'i ni:

car, be in rne f orrr:
I---------- i iary

KEY I1
I iI information:I

wh~ere the FFY f ielICAd rc rt a Irs tft ~r ort Y of th ite~,

1?4
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field 'I' contains either data, events or jobs which have to

be executed. In the calculetao.' of a st,)ra =e r-cirer-ert fir

each pmethod in the following sertion, 'I' wll te used to

i-dicate the s17e of either deta,everts or jobs. ,xil ary

- information flell contains pointers to ar othr nc s

counts, balance factor,... etc.,which proviie to !-airtain

the priority queue structure.

-f7 4
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B. PRIORITY QUEUE APPLICATIONS

Priority queues car. be usea in sort~r n! FeAlecticn

Droblerrs. The idea of selection scrtinF: is to fill theIpriority queue usir.p successive 'insert' cpe-ations, and

then er'ptyinp -..qe queue by usI rg 'delete' o-eration's

-eneatedly[g]. An aIg o r it rn for this a nI c a t i cn of a

priority, queue has been giver, below where 0; is tne pri ori sy

queue.

Inp~ut: An array A of' N Items.

Output: Array k sorted into nor. increasing order.

pCR i=1 to N ro

(ofc ite!'s in .)

pop i=1 to A 1"1

[ILI1:=dele=t-(r) ),-,~t the I tem with hi1-.est pr~fri ty*

n' it o oU tput area. 7

Priority queues also 2rise in certair "uv'erical

iterations. One scheme for adantive quadrature ra!rtairs a

Driority queue of' subinterval whose union corstitutes tte

interval of intepratior; each subi-,terval is label=led wjit

the e s tIma ted error cormnltted in the nurerical irtepatinnI over It. In gach step of' the Iteration. the subirterval w!t '

the largzest error Is renoved f'romr the queue and bisectec.

14 -
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Then the pur'erinal intepratios is Derfor~rel over these two

smialler subin~tervals, which are inserted into the oueuo. The

iterbtion stops when the total esti-mated error is reduced

below a prescribed toleranceL3l.-

An obvious aznlication of' Dri or ity q ueu es is i-

0'erating and irdustrial 'nractice for the scnedulirg of* Jots

according to fixed -ricrities. Ir this situation jobs with

priorities attached enter a system', and the lob of higi2e~t

poriorityv is aiweys the next to be aexocuted. 3)ut, in order to

Drevent a lnw-priorit7 job fromi beinp telayed idefinitely,

the restriction to fixed priorities rray be violated f31

Priority queues also imnro,.re the effimi!en-y cf' somne

wpll-:rcwn zrarh alz:orithrs. In T-rusklea1's al- ori thr for

C cmDu t ing minurmum spanning trees(a rinurnum sparnni'w tree !s

anetwork~ of n. nodes connected hi edges wvi th 1'east CoVs t.

where the cost of a networK is the S of' iArs fit

edges), the procedure of sortinv. all edges er. ther. scarnrirc-

th-ough the sorted list can be renlaced b y insertinc all

edges into a priority queue and then suc!essivel*y aeletirr

the smrallest edze[t2,4l1. Sirilar eapplications ipve been lfoup!

for priority queues in shortest path problemis whr'h ''rcrl

a N.se cn- retwdors W5 6] An alF.*r'Lt hr in a na, -l-likp

languaze for corzutirg spanning tr, e by uslt a -priority

aueue has been" given below, where "I Is the set rf Pd:"es in

the minurnum spannin tree and 0 is a priority q'uote.A



Irn.-ut? Set of 0-dles each having a cost value assoclateo-

with it.

Out~ut: Set of edges which satisfyr minulrrm spannire tree

property.

C=C; ( Cis initially em-ptY. ~

f ~ FOR 1=1 to 11 DC

insert (Q edge 1); (*add edge i to th? collerticr

(~of e4-es in 0. ~

FOR 1=1 to N LO

ed~e=dlete(W)( remove the edze wi th mi nurii" cost.)

TF e~pe (can be added to G without for~~inr a loor T' MN

G~ + edg~e; (;ad.1 edge to the collectior of ed;es

(*in G. ~

Pri orit: queues cam also be used ir tte nlrreis

of branch-and-bound al~orithp. In Darticular theyv pre usn

t o i lere:-t the 'best-first' strategY (als,- kn cw a s

branchi-g frm th, largest upp5er 1-urd2 [161.

Pi pall1Y, Charters' Drire nu-ber -ze-erator il 5es5 a

priority queule in a scheme to reduce its interral ste-a-pe

"eaUi remant s 48!. 3. t Fox has !mCr~tion ed. t h at r i ?-I t v

SEaueues a r c useful in imnlernentin.;:1 scre discrete r rai

5AA



II. IMPLEME3NTATION AND THE WORST CASE ANALYSIS

In this section of the research, prioritir cuere is

imrlement'! byusing a nrnperty of Heap, !-ary tree. Single

liniced-list, Leftist tree, Linked tree, A.UL-tree, 2-7 tree,

and Fix priority. A node structure and bripf' algorithm for

each r-ethod has teen piven.

An addition to these methods indicated above, a DrioritVy

queue scheme can also be iriplerentea by ,,slnr, a P-tree
AreTrSe

structure which was discovered in 1064 by An css an!

Ole-Johan Dlahl an! a birorial cuene structi'.re which was

discovered in 1975 by Jean. VvIllgrln [31 . An im-lrentatlcn

and letail a',21.,rsis of a bino'7ipl ct ieue s,,uc'ir9 has teen

studied by 3-rcwn mark Rcbbin in hiAs Ph. r. Thosis at

S tar.ford Uni!versity.
Teanalysis c f alpc ri thm's is aultg i-nertant in

cor-puter Dro,,raTr-ina, bee-ausg there' are usually several

al~erithms available fcr a -jarti -ular a-)lication an-: w e

would like to know which is nest.

An imrplem~ented miethod in this research, reouiroc various

ar-ounts of storaze and tim~e to perferr~ It. In this section,

the amount ef rspaaes required to store iters in acr- r:tr

has been leterifired for gach ret nod. 'The werst c-?se

eff l o~ry of a3 rriority queuo srhtmn is defin-d in t'-rrs pf

ti'e number of irnter-4ev cnrparisons end e~chazn:-es dtrine mn

insertion an! deletion process. This anel~rsis is- dr I tt

followine way:

1?7
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Generally, a method which uses a tinary tr te stracture

take L109 N! tire to execute. Because, they are usually k
iMplemented as a recursive prncelures, ar they call itself

recursively at ,st as many tires as the height of a tree

which is ecual to LloP2 Nj itf a tree is balannet.

LEMMA: The height of a complete binary tree with N rcdes Is

ecual to Lloz2J".

POOF: A coinDlete binary tree of eirht h has at r-cst 2 h

external .odes. Therefore, the nrber of internal nodes, n,

is bounded above by n <= ! '-I (since the number of interral

nodes is a suir of the f om I?+4+. .+-$-1 which is a

aeorretric series with sum 2 . Ch e total numbe r of
nodes, N, is boundec by -1. Fror this.

• . w .1. Fron

h '~zlog ~ h+1
h<loN<=log(2 -1) < h I t22 2

thus,

h = Lo NJ.

Since, each execution of a recursive proedureeul-es a

fix number of inter-key coomparisons!,C), an! e xchanes F

the efficiency of an alrorithr would be equal to !'-- 2 '

tires inter-key coparisons and VLlog N! ti-e in ter-ke r

exchan;-es In the worst case.

i
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A. HEAP

DEFTNI'r1ON: A heap is a binary tree w ith. s c e sre -ial A
properties. A tree is a heap if an only if It satisfies the 0

followinz conditions.

1) All1 internal nodes(with one Dcssible.e:xcepticr) '-aveA

deeree 2, and at level d-1 (where 'd' Is the depth of'

the tree) the leaves are all to the rizht ^f' thp

Internal nodes. The right most internal at l evel d-1

inay have dezree 1 (with no rioht son).

2) The priority at any node Is P-reater than or ectual to

the priority at eapt of its sor~s (if' it hes any

son) [121.

IMPTFMFNTAm!~ Heaps are not dif'ficlult to ir-ple~ert. A data

structure? array Is used tn ir'plement th e hneacs. If' A Is a

array, ean n is the size of the array then the lo-:ttions of'

A are nurbered fro.. 1 to n. This nnyberi!,t operatior I~ lcre

automatically by the computer whegn the array is r-A-ted. Tnim

integer value2 'I' Is used as an Index to refear t,3 the I 't)

Iccation of the array. (where 1 (= 5. <= n

These locations of' the arra'Y car be rernrescrtpd asa

node in the binary tree. This numnberinv is done frrr !zf t to

L itzht and level by level (bezinrnir.e wit~h the root!, PnI

Illustrated in fioure 2.

SA M
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Fiizure 2

If' the array A is used tc imp!e-'ert th:e heap. the se!-cnd

condition in the.- definition of' the heaj can. be formal.ized i s

fellows;

A[i1 >= kri], and

A :i1 A (2i1+11 for (1 1= <= jf?)

where j is the nur'ber of items in t-he ),eaD.

'F iu re 3() ilusrate th biery recr~peseratir I

the heat with 10 items in it. (b) lllustrates the arra'r

representatio. of the samie fteaD.

10

77

453
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INSFPTIlN: Let's suppose an array A is already creatd 2rl

index i is set to 1 to indicate the ^urrent last position of

the heal. To insert the new item, f'irst Dut it in curre-t

last position in the array and cell SIFTUP to satisfy heap 

Dromerty. The alzorithrr for the siftup process is giver

below. Figure 4 illustrates the insertio'nprccess.

PROCIDUPE S !TUP(i)

/* Adjust the binary tree with the last position "' to

satisfy the heap property /

IF i (= 1 TFEN exit

ELSE

II Atil is greater tan its fether T.EEN

?EGT IA

exchange A[ij and its father.

siftup(father's position of i)

ENEi

END SIYTUP.

7I8 5
%N

Figure 4. After insertion of priority e into figure 7(a).

21



DELETION: The highest priority item~ is alW2ys at the

root.Save it in another place and put the last item i,- tfte

first position. Decrease the number of ite!rs in the heap by

1, and call procedure siftdovn to satisfy the heap proverty.F

The algorithr for siftdown, is Tiven below. Fizure 5

illustrates the deletion process.

PROCEDURE SIFTDCWN (1,k)

1* Adjust the binary tree with root I and the last Drsiticn

kr to satisfy the heap property. The left and rizht subtrees

of root i'i.,with roots 21 and 21+1 already satisfy the

heap property. ~

IF I Is a leaf node TUFN eXit

EL SE

'Find larjgest son of ' 1'

IF the largest son is great-r than 41i 1 t7 r

PEG I N

exchange the largest son and Af11

siftdown(larf-est son's nositior.k)

END

FPND SIVTflOWN.

74 5

Flzur 5. After deletion of hiphest Triority fro7- fi~re Vas.



A h~eap ornnperty is usually used In heapsort ea ori th Yr

which serts one sequence of length n. A& heatpsort 21;:nrith1-

is slig!~tly different from a heaD algorithin whirl- is use! to

- implemnent a priority queues it this research. Let A be an

array Initially containirg keys T 1  K '3 ****nin

locations A[i1, k[t?]......[nj. kt alzorithr~ tee'nsort which

Is given below takes the array A as an innut and sorts its

keys into nordecreasing order. Hearpsort elporithr takes

IO(nlop n) steps to sort all seou?nces of lenigth r [11

A
j PROCEDURE EAYSCRT

/? ThS is tbe COnt~let= heapscrt algcrithi which taeres an

array ef elem~ents Aij, 1 <= 1 <= n as an inut and arranes

the elem~ents of h sorted into ronde creasinr order.: /

3EGIS

bui idheean

-0? 1in STYP -1 UNTIL 2 'rO

Interchange ADOI 2rd A[i]

si ftd IN!!(1 ,i-i)

PR1OCEDURE RUILPEAP

I* This nroc-edure Takes ar arra7 rf eletrents A[1 -i<

n. an-d rives all of A tue hear. property. ~

Si=ln/?! Sffl? -1 UNTIL 1 PC

siftatownfi n

31D 3UILIDD..

I2



EFAP INSERTION YORST CASE ANA T!SIS: Suppose a bin~ary tree

wth N-1 ite-s in1 it Vhi':h already satisfy the hean

property. Tm the Insertion process the worst ,:ase occurs if A
the pricritj of the rew iter: Is bigger then the priority of

the root. The number of k,,'y excbanp-es and the key -cr'parison

required to find the rroner Dosition for .the newly irserted

item Would be ecual to the heipht of the tree. Fecamuse, at

each level there woul~i be one rey co!rzariscn arl ore 'Key

exChanizes between children azd its father. In the -'crst

c-ase. the new iter would came to rest in a root, 2a the

height of tne tree would be equal to l 2N afe

in sert io".. These co~r-arisons and excharvges are he'l~by

procedure siftuD and4 DrccedOurs siftun rails itself

recursively at nost Lb?. 'JJ ties.

rr P rVLETTOA WORS7 USE! ANALYSIS: !f the teipt of the tr-e

is eaual. to d.= Llog Nj after the deletior of the 1 iehast

item. the rurnber of* key mo-arisons whi.-h wo,.,lt- be d one y

procelure siftlown, will bep ecuxal t^ 2-1. q'his is because tt-

rhtnost Item at the bottorrost level had. beem r~ov-d to te

root ran has to be sifted dowr to satisfy the naarczerTZv

after deletion. At each -in of V~e pnrccedure siftdoem. there

would be two key corpDarisons; one between left end- ri~nt son

to find the birrer son and one between t;.= ',ipvr sor On-nd

its father. The worst case occuirs if the item et the rect

co~es to rest ir a leaf at t--= bottr-nst le-vel, which, in

24



this case procedure siftdown calls itself recursivly at mcst

I tirres.

The number of' key exchanggs woull be eqtlal tc J-~

because the iterr at the root could be exchangzed wdith bi r

child of it along any,, downward path at r-cst d tim-5 bef 'cr=

corninR to rest, ana one exchan~ge has been done between tte

first and last iterrs before the siftdowr pro-ess.

STORACE REQUIREMENT SCR A HEAP: P heap uses arn array tc hold

a priority of an iteir. A Dcterntial d-awoaclt of' nea-os is that

they require a sufficiently laree block~ of contiuc,s

storage to De allocated in~ advance; because the size of trne

q ueue at any R-iven timne is not kncwn and an array as biz as

the raii!-u, size of the queue has to be allcated. At aryr

Piven timTe, if' tnere are N itemns in the queue, recuirel

total st'nraie would be ecual to N units for rricri-,y fiells *
and N*I units space for the i!forratior wher-e, I is the size

of informration at each node.

j
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B. K-ARY TREE

D2F I I ITI 1: A k-ary trees are a ge:eralizaticn cf tinary

trees. A k-ary tree is a finite set of elements called

nodes, which is empty or else satisfies tne following:

i) There is a distinguishe,. nod = called te rc'ct, a-I

ii) t ne remaining nodes are diviaec into i aisjoi-t

subsets, each of which is a k-ary tree [121.

The priority at any node is greater ttan or equal to the

priority at eaca of its sons (if it aas any).

I?LEv,,NTA..,CN: Implementation of the k-ary Lrees is very -

similar to the implementation of tne neaps. An arra:y is also

used to i.j-lement noaes in tae k-Ery tree. T e nuberin cf

nodes in the 4=-ary tree is illustrated in figure g.

A

Figure C'

If A is an c-ray ard there are n iters in it. location

ALn+11 contanis zero as a t e rrnal sybol to Ic a1ca t t:

-,-*..--,Ica- 
. 7h



successor Position of the last item in the &-ary tree. Ti
termlinate symbol is used in deletion process.

Figure 7(a) illustrates the complete 4-ary tree with 10llk
itemrs in it. 7()illustrates array renresertatio, of tne

AI&4-ary tree.h

8 I
10

W5
1 7 53

Figure 7
Since tne number of nodes on tne successive lzvels cf a

complete k-ary tree follows a geomretric~ propressior. 1,
.3

-~....,the relations shown telcw ca- b- us-i z, -ccr ut=
parents, and Cfle childiren., witn tne proviso tat, for a nroce
to exist, Its node number must lie In the ranee I to N.*
where N is tne total i:umoer of nodes i r tne t ree-.

2?
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1) parent (n) = (n + k -2) liv k

2) ith child of(r) = x(n -1) + i - 1 (fcr l<=Ji(=

POOF:

for 2-ary tree:

i) parent(n)=(n + 2 -2) div 2 = n div 2

ii) left cfhild of(n)= 2'n-l)

iii) right child of(n)=2(n-1) + 2 + 1 = 2n + 1

The relation (ii) can be prov.d by induction or n;

For n=1, clearly the left cail is at 2 unless 2 > I in
which case I has no left child.
Now assume that for all J, 1 i < n, left chil:j) is

at 2j.

Then, the two nodes im vediately preceain left child of (n)

in the representation are the rint cnild of (n-1), and tne

lef child of (n-i). The left ctild of n can be obtairea by

adding 2 to the left child of (n-1) ;

2(n-1) + 2 = ?n - 2 + 2 = 2n

unless 2n > A in which case n has no left child.

Relation (iii) is an immediate conse(uence of ('Li) ari

the numbering of nodes on the same level from left to ri-7..

Relation (i) follows frcm (ii) ana (iii). TiIs is tr:e

because of a characteristic of the 'div' operation on I

integers. I.e., parent(2n>=2n aiv 2,r and (2n~-) d ~ .,

where ooeration . div k can be efined as the fiLcr of n./:,

denoted Lnij. stanas for tne greatest integEr less
equai to ni

ZE



For k-ary tree:

1)parert(n)=(n+k-Z) div kc

ii) first child of (n~k(n-1) +1 +1=kk'n-1) +

iii) i'th child of (n)=k(n-1) '-1 ~-1 (for 1 <K r

The relation (ii) can be proved by induction on nby

following the samte m~ethod as above.

For n1l, clearly the left child is at 2 ((-~-

unless 2 > N in which case 1 nas no left cil..
Now assume that for all J, 1 <=j n, tne first cnild ofI (j) is at l(j-1)+2.

Then, tte kc ncies immeiately zreceding t.,2 first child of

(n) in tne represer.tation are tile ~'-;th chila of %fn-2 h

(~-)hchili of (n-1) ......the sec onad child Of z -l I In
the first child of (n-i) Tne first cnila of (r) ,-a: be

obtained by adding kc to the first chil!d of i5-)

k~n1-i + 2 + k -&fl1) i1) 2 r.C- 1 2

unless k(n-1) + 2 > N~ inl which case- n has no first ~hl.

The relation (iii) is arn inhleciate crsauer(ce cof (12

and the numberin6 of nodes oc the sam~e level fcr I c

rizht. Relation (i) follows from (ii) and 'iii'). Ti s is

true because of a characteristic cf the 'div' operation on I
i.e., parevit~k(n-I)+ii-)=(~-)ilk i

(kn+i-1) div k I=c'=

for the first child (iz--) -- ~kn div k r

for the k-'th Child (i=ic) -- ln-k-1 div z n.

29 -
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INSERTION: Let's assum~e the array A is alreE~y created &-4

I.s set to 1 to Indicate current last positiOn in tihe arra;..

In order to insert the new itair, first put it 1 n t he u rre nt 2

last position of the array, and terminate symbel zerc irn its

successor position, and call procedure SLTM to siftup tne

newly insert-ad component A(n) into its. proper DCsiti-C:.

Figure B illustrates insertion process into figure 7.

?ROCErURE7 SFp--( i)

/* start wizh I term A(i), find its father and co.-,aze n.*

If' It is necessary, exchance them to satisfy k-ary

property. Process will '.,e stoped wiien it is reached

to tihe root. !'-/

IF I <= 1 VIDE exit

ELSE

father(i) (I + I - 2) dIv k

IF prioritj(fataer(i)) < Drioriiy(i) THErN

BEGIN

exchange the- fat her(i) and A(i)

siftup(father (l))

ENT,

ENE sITUIX .

4W

WNW



DELETION: Since= the ihstpriority is at t root, rcsi-cva

it arA put th'e last item in the root position. ,*ove tne

termrinate symbel zero to -redecasscr of ia ±ces h

number of items in. the &-ary tree by 1., ana then call

procedure STMDO~iN to satisf'y the I-ry propirty. :74-ure g

Illustrates thle deletion Drocess ±'rcir, figure 7.

PROCEDURE SIFTDOWN(m,z)

/* sa-t ithroot nr aca last itern z. */

IFm s lafnode TrNexit

find the lar~est son of it

IF pricrity~largest sca) > pricrit:,ril

siftaown(ttie largest son position of r.,zl

ENDq

END SIiTDOitN

Z 1
;7- K iI
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Ii

After insertion of priority 9 into fig.7 and before siftup.
11

I¢
I%
I!

After siftup.

I4

Figure 8
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LEt A: The height of a corplete '-arr tree wiVh N nc!=as is

equal to 'LiR &),I.
kr

PROOF: Sirce, the rurber of nodes on the sv'essve leves

of a complete k-ary tree follows a gecietric prc 'r-ssiens 1,

k, kv2 k 3 ,h, the total nu.mber of r ods ', !. = co.-'let=

k-ary tree of height h is bounded by.

i+ = (= i.

kh+l h h+l

2 2

fro!" this, kh~l h+1l 1

I~ 1 k ~

h h+1
lo!-(1h l)- l(k2 ' l-k < l° k( -1) - logk2

for Vie left hand sidE of equation f
h -. 1 el-<lgF 1 1 ~ -

h
since h < l k(k + 1), also for I > 2 ck2 <=

So, h- 1(= h - loik?

thus surir-n uo n- - ( ±OkN.

For the rip-nt hand side of equation

(1+1) - 1og2 > In-,, (kh+-I) - 1c4k 1.o.:
k kC k

since h+1 lo.- ('+,-1 also fc - >: 2 1o I' .
k-Soc, h+1-1 N h-14-1 Ogk2" -

thus sumnir. up n + 1 OkN

Since h-i < logP < n+1 clearly h =  o- "'

3 4
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K-&.Y TRIF INSR TION WOPST CASE A.ALYSIS: This a-alysis is

very similar te the insertion worst case analysis cf the

neat. The only difference is the depth of tne tree which

would be ecual to d= Llo. N 1 where _.- is the degree f tt.

tree and N is the number of iters in the tree 2fter

insertion. _ases of logarithms can be changed to base 2 by

usinz forrula;

I log ogk
2 lo~k 2°I

J K-APY T hF! DELETION WO ?ST CASE ANALYSIS: A :.--ary tree

l ele.ien al.Torithr does d+1 exoa-zes of keys (as in the

The ru-ber of key cortarisons would b- ecual to

((1 -I)+1)d=k~d because, !c-1 comparisons are made between 1
sons in order to find the biLger son and ore cornpriso- is
made between the bigger sin and its father: a tctal of k

corarisons are done at each run of he trocedure siftaicwr

and this nrccelure call itself recursivly =t most ' tir-es.

So, deletion take 0(lo, N) tire.

STOpACE RECUIVREvIT YOR A ?-ARY TRTS: This Tethod also uses

an array to nold a Dpriori ty of a ite-s an4 storage

requirerent would be the sa!"e as in a heap. i.e.. units

for N nodes. and N;I urits for infor-ation.I



C. SINGLE LINKED-LIST

DEFI NIT LION: A single linked list is a finite sequence of

nodes such that oach has a pointer field contains a wointer

to the next node[1Z].

A nointer to the list, i.e., to the first node. is

called FRCNT, ana. a pointer to the last node, is called A

MACK. The priorities are arranged in lecreasing order -+r-.-

IMPLEMMNATION: Facn. ncde in the linked list .s of' tlie for-;I

--------------------------- r

info glinkJ-----

where the link field contains the pointer to the next nod~e,

and info field contains th:e priority of the item. :intially,

the empty linked list contains only the e:7pty pointers 7P 0!T

and BACK. Figure 10 illustrates the single linked list with

4 Items in it.

FRONT MC

_M

Fieure 10

36
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IiSERTIOH: In order to aid a new node X to - e si.gly iin"re"

list, straight insertion' methed is use:. The straight

insertion involves two basic opera:icns:

i) scanning an crdered liaked list, starting at FECt"', 4

to find the largest -ricriy less than a prio)rity

of new item, and

ii) inserting a new item into a specifie "art of the

orlerel linked list.

As a result of insertion, the highest iten will be linzkd to

the FRON. Figure 11 illustrates the insertion operation.

PROCEDURE INSERT(X) 3

create a new node ant initialize

IF priority(FRO:'T) < ri ority,,*) TUE

1lirk(X) =FRCONT 1

ELSE

fi d the node with the largest priority less than

the priority(X).

IF it is reached to th-= TICK TEF:

2. 1 r k (2 A- C7. =Y

BACK='

ELSE

let 'Y b the peinter to th- -relecessor of that 1: t-

linK(X)=l inc(k)

link(w)=X

END INSERT.

B:::
37



Si~zce the hh-t zririty in t-le 1'-=d Iic i 11

be pointed Dy FRONT, save it in sorreWbere, and lirk tme

-ROA"T to the successor of' the hiptest terr. :zre 12

illustrates the deletion oreration.

I? there is O-rly one ite- in- tn quu TE

FRONTfni 1

3AC-T=nil

Z L S

PR C 1T 11 n k FIR N

!~D ~'g"



FRONT BACK

Figure 11. After insertion of 4 into fig._.

FRONT BACK

:NI -L

Figure 12. After deletion from fig.ll.20-

3 9 2 _
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[ LINKED LIST INSERTION 1:'ORST CASE ANAUYSIS: The worse rase

occurs if the -ew item is s aller than the sr-allest ke. in

the queue. In this case, N-i comparisons cf keys ere needed
in order to add the new item to single linked list, if there

are N items after insertion. There woul d not oe eM

exchanges of keys. So, insertion tak-s O(.N) tir'e.

LINKED LIST LELETIOi WOPST C&SF ANALYSIS: Deet ior fror

sin 'le linked list takes constant tire; since a rointer

FONT oirzs to the highest key in the que'e. FR NT will be

linked to the successor of the hiphest item after deletion.

There would not be an.r comparisons and =xchanr.es of ke.ys.I.S
STORAGE RFOUIREMYNT FO? A SINGLE LINKE-LIST: Each node in

this r ethoa contains one pointer field end one priority

field. In addition to tqe noaes in the cueue, there are two

pointers which point the front and the bank of the

linked-list. If there are N items in the queue, recuired

storage would be N priority fields, N 2 pointer fielus, and

NI units space for the infor-atinn where, I is the size nf

information at each node.



PIrVTIST TPFF

TF-!TlNITION: A leftist tree is a linked binary tree with so-e

special properties which ,entioned telow. !T was :!isccv-rcd

Ir 1971 b:r Clark A.Crane[21. e f t is, has tre

fcllowing advantages over a heap.

1)Inserticn and deleticn tk = log N) s.s, and

insertion and deletion ta'= constant ti,,re in the case that

insertion obey a stack discipline. I
2)The record. never rov-., only tt= c'pintrs a:n.-."

3 It Is ,ssible *Inerj twi dj n iri-t.7 c u ee s

having a total of ele-ents, into a single priority q,.e -  u

i only 0(lo-. N) stes . a t i s why lef s trees ar -

sui table fr a-nl! ations wier" fast T-rring "f

required [4,].

IT P L :NT.!.TIvNT : ... ... The date stru-Ture r 0o'Ai Is us -dt to

i.plemrent nodes in the leftist tree. Fa,n .-.oe it in t-

11link info rlink -

left D righA-
KEY

t ----------------- - - - --

::here the llin. ara rlink fields .:,ontai- pointers left e-

right to the roes c or-r s r. t t.e t c t n"e Z

descendents rf t..e rcde. The pointer fi-ls are s-t to nil

if the corres"rceir.- descendants are erpty. "e :ST -''ld

41 4 -



!.s always set equal tc t'he length of the shcrt st path frc.r

that node to a leaf, and the -F field cctaLns t t 0rity

o f the item. T.he .FY and S' ±iel. .in tn e leftist tr-e

satisfy the follcwlng properties;

1) KFY(P) >= 1eY(ft (P)T

2) .!ST(P) = 1AIN(rIST(left(PY), _. , t._.Y1

2 TC 1 T~eft ( P) >= !'IST (ri Pht (P

Relati n 1 is apaloCo':s to the hea corditic n (?) stated in

definition of heap. Relation 35 implies that a shorest reth

to a leaf !-ay .- lways be obtairei by tc-zrn to th. ri.ht [E .

The leaf nodes in the leftist tree do not hold a-y

.nfor.atioe, an! contaeir er pty left ad right roi-t.rs, -1

zero rIST ana KEY fields. FiM'.vre 17 Illustrates a leftist

tree with e ite.rs In it, where t.e first n.1,er t ee . n "

is a KFY ari second number is a r!T.

I

2-.

41

i2i
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_ INSERTION: Search- for the new node, starts at root P. !f the

thru subtree whose height is sr. ller than the ether,

otherwise KEY exhanges are made a-d then travel is !-et in

the sane fashion. T'he algorit hr for insertion is given

below. ?igvre 14 illustrates the insertion proces5.

P?-*C7DEf7! !NSERT(PPTY,P,H)

/ Insert the rew item with nrio-ity PRTY inte l±'tist tree

with root r. F is a boolean variable and is set T rPE if Is

a leaf node. =/

I? P is a leaf node THEN i

create a new no;ea,.d sa I- 1 el tc

set H= true

TcS

! priority(P) >= PRTY T EN

IF DIST(rght) = DIST(left) TEEN

S.E'..R(RT.,1eft son of PH)

E=false

ELSE

I ETRO-tYv right son of P .)

update DIST field

ELSE

exchange PRTY ani priority(F)

INSERT(1-RTY, P,li)

ENr INSERT.



DELETION: Sin~ce t.ae hi:-hest priority iter is always at te

root, it is only necessary to remove the root and rmerg-= its

two subtrees. First the bigg-er scni of the ro-ot is -ade rcot,

and then procedure !AERGE is cal led. In mergini; process

travel is always -,a e thru the lef't bran~ch. if' 1. i.

necessary, tne priority e~cchanges are nmade during~ travel.

?igure 15 illustrates the deletion 'process.

PROCEDURE DFLETE(P)

/* RemTove the root P aca call procedure MREto mir~ervewc

s-btrees, ;ointel tc respecti vely by = -4Z.'V-

IF key(R) > kreyfQ) TEEN

!na ke R root

MERGF(Q, left son of R)

ELSE

r~ake root

r.EFGE(R, left son of 0)
ENT, rEIETE.

/'erge two disjo~int trees, pited to ty P1 and P-7~

IF P2 shows leaf node THEN P2=P1

ELSE

exchange P1 and P2

'2,r-(ri,left son of P2)j

VMERGE(P,le±'t scn O± F-2)

ENDMERGE.



ST EP: 1

STP: 2 &2CO

2-.10 0:0

3:1 ~0:.00~~

0:0-

Figure 14. Insertion process of 10 into figure 13. ;01
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r T P1 5:1 78:2 4:1 .0

13:1M.0:0:00 00 0:0O

2:1 00

0 .

STEP 2 8:2 5:1

6:1 7:1 3:1 0.0

4:1 00 0:0 002:1 0:0

STEP 3

51:0 0:-0 0:0O

Figure 15. Deletion process from fig. 13.

2 46
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El STEP 4
8:2 3:1

16-.1 701 2:1 00

5:1 0.0 00 &.0 0:0 0:0

1; 4:1 0.-0

0.0 0:0

STEP 5 8:2

6:1 7:1

5-.1 000

4:1 0.0

3:1 0:0

47
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LFFTIST TRTF INSE.TION WORST CASv ANATSIS: Tn--rtior is

based on the DIST field which shnws the shortest 'oat frore

that node to a leaf. The search Dath is always ,booser thru

the sr.aller DIST field, it reans thru the shortest path to a

leaf.

A worst case occurs if the priority of the new iteir is

bl-er than the Driority of the root and the shmortest Dn.h_

is equal to the longest path, in wtich case 8 leftist tree

would be cotpletely balanced and the -ei4ht of a tree would

be LlO H., if there are N items in it after inserticn.

There woul be one key corterison at each level

Including lev=l ', ana oni r'!ST field comparisons of left and

r1 hz sons; total Llo. + 1172t'! = 21lo22" T .uber

of key .xchanges would be as many as the nurber of key

cormparisons which is ecual to !loz .'. A

LEFTIST TFFE D EL v1N T "OST CPSF ANALYSIS- Let's call the

left son and right son of root L and R. The worst -ase

occurs if the right subtree has crly cre =l.erent, whose '.ey

is the srallest in the tree and the rizht pointer cf tte

nodes in the left subtree, points to the e=pty node. ThIs

case illustrated in figure 16. After the deletion of the .

highest key at the root, L woulId be the rew root an: the key

of R has to La conpare with all keys of the left subtree of

L. Th. rurter of -ccrrarlsons would be equal -c Y-1 if t=ro

are N iteirs in the tree after deletion. A

4E
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E. LINKED T?.E

Another implementation of a priority queues carz be dore

by using lin-ced binary trees. Figure 1E illustrates #ne

linked binary tree representation of the binary tree shorn

in figure 17.

DEFINITION.: A linkec tree is a binary tre! with sorre special

properties.

I ) Th e key at each node is greater than or equal tc

the key at each of its son ( if it nas any ).
2) Fach nocl9 contains tne nu-"ber of doscendpnts of

itself. This value is set to zero if tne noae

does not have any descendants.

3) Insertion of the new item into tree without any

deletion provides corpletely balanced zinery tree.

The deletion of two or more items might destroy

balance of tne tree, Dut subsequent insertions

will force the tree to oe balanced.

10 t

7 8 7

5463

22

Figure 17 Figure it 4j
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IMPLEME4TATION: The data s:ruCture cC 7 is used :o

implement nodes. Tach ncde is of the form:

llirk info r1ink

I l e f t i -- - --tr igh t i1
I I I ts I KEY

I-------------L ------JL

where the llink an, rlink fields conr.i. -opnters l-ft a-d

iright to the nodes corresponding to the lft and rizght

descendants of node. Te pointer fielas are set to nil if

Ithe correszovnd.44ng dscer!ants are 2rr he t??1- IL I=ld

contains priority of the item, and the ZESC fipi= ccntains

the number c±* doscendants I: the r_-. S ±c- th= l-af .c as
ot nave any Qescendants, ISC field of The leaees are

always set equal tc zero.

ISERTIONJ: 3efore callin procedure :nser-, a new n.dp Is

created arl iritialized in the mrain Droera,. Insertion Is

.ainly based en the DFSC fields of t .e nodes. SErcdi-

started from the root and. travele thru t-e :smaller E5

field. If tne DESC fields are equal of he Left a-d i2ht

sons, travel is made thru left branca. This ,retrnod will
first fill lef. sons and then. ri-2ht sons .fror Ilef :  

tc rz-.n z

a: t articular level. If te :ey rf the new iter, is F.reatmr

than any 1 ey of the ncde on tie travel Ceth nly z ne c y

exchanges are maae, ana travel cor.tirues u l i, r

reacheQ the leaf noaes. ?igure 1z is tn e iilus rat ionr if

Insertion zrocess.



/* nsrtthe rew ke PR7Y, into linke! tree with root W ,

IF k'sy(W) >=.PRTY ~1N

3EG IU!

IF left(i') =nil THEN

link new iter, to it

'ELSE IF righit(W) = nil TnEN

linic new iterm to it
VLISE IF IT-SC(left(I)) > tESCk'rizht('-!) T EN

SEGIN

DE3C(,v):=DSC.i.) +1

I' N S7R T p PR IY

C 1 1

IN ,P Y

7ELS E

oxclianceky"z) ar.2PRTY

-ND1 END INSERT. 2



rFLETION: Since the hiphest iny at the root, only remove :ey

field of the the root anctr move the bi-er son's key to the

root, and travel thru the r-oved son. This process continues

until it has reached the leaf podes. 'here is not any

rebalancing process. The deletion process is illustrated in

figure 20.

PROCED.URE rLETE(X)

/ aelete the kev(root), without deletina root. and siftup

the bigger son's key and travel thru the moved scn. '/

IF key(left(X)) > key(rignt(X)) TE!'rN

I EGIN

move key(left(X)) to key(X)

decrease the DESC field of left(X) by 1

IF it has ,-eached the leaf node THEN exit

ELSE delete(left(X))

END

ELSE

- BE I

move key(right(X)) to key(X)

:ecrease the DESC field of right(X) by 1

IF it has reached the leaf node TUFN exit

ELSE Jdelete(right(X)'

END

2ND DEKETE.

53 A-



Figure 19. After insertion of 9 into fig.18.

II
Figure 20. After deletion from fig.18.

54



LIN'FD TF! IqSTPTION WORST CAST ANALYSIS In t"I. s retol
In-,ertion based on the rFSC .field of the nntes and travel is U

always made thru tne sraller DFSC field, it reans always the

shortest path (from root to the leaf) is traversed d,.rinp an

insertion Drocess. Tne worst case occurs if the priority of

the new it-m is bipeer than the prioritr of the root an: the

shortest path is equal to the lonjiest Dath, in which rase a

linked tree would be corrnleselr balancod, and the nei-ht of

a tree would be LloP2N" if there are N items in it after

insertion.

There would be oe .iey romparion s at mach 1 evel

!ncluding level Q and one DFSC's field cc.,-.rsors of left
and right sons: total Llo. 2 NJ .lcc2 NJ 1 211 2p - ,

2 2
The number of key excharces would be as rary as the ru bmr

O1 orey corprsors wh.ich is eq.ual tc f NJ.

.INFr TFF ,FltvTION F10OS? CASF ANALYSIS: Sirco there is rot

any rebalancin; process in tne linked tree, deletion fron

the tree could unbalance it.

The worst case cceurs if there are twc items at -a-h

level in the tree (except level zero), and srall priorityr et

each level dces not have any descendants. This worst c'ase

situation is illustrated in figure 21 and t ne b!,.ger ite- Ft

each level has fillea with cross sian. In th? worst rase the

height of the tree would be ?,J/? if there are N iters in th2

oueue before deletion.. Since there is one - cotari.o'n arn

one key exchange at each level, total N/2 key .orperiscns

4 j-4



ard key exchan~zes are needed after the 'deletior cf priority

at the root.

xT

7i-ure 22

S'rORAG"F FREC T5IPEMINT -OF A tIN':) TRFEE: Fat-h rcAle ccrt~ilns

two voirt-r fields 2nd two intec-er fiel:s i~ thli s

im-le9,ent at 4.on . I f thr are "! itc!-.s in t 11,oueu0, rc':ilred

stora~e would be 2N poirnter fielrls, ?N integer 'iells, and

N*I urits sDace for the information. whc-re I i.s t~o size rf'

information. at eact rnoae.

r-A gpA- -



F. AVL TREE

Adelson-Vels~ii and Lanlis in 19E2 introiuret a binary

tree structure thqat is balanced with respect to the.,_ .i-hts

of subtrees L9l. The height of a tree is definea- to te its

mraximum level, the ler.th of the lonpest patn fro!- the roct
eI

to an external node.

rEFINITIcN: A binary tree is called balanced if the h.icht

of the left subtree of every node never differs by ,rore than

+1 or -1 from the height of its right s ubtre--[EI. As a

characteristic of AVAL tree, the priority of the left sor is

smaller and priority of the right son is bi!er than its

parent's priority. Trees satisfyine above definitior are

often called AVL-TEES after their inventors.

As a result of the balanced nature of this type of tree,

d1naric retrievals can be perforre in O(lo: N) tire if the

tree has N nodes in it. A new node can be entered or the

rode with highest Dricrity can be deleted from suich a tr&

in time O(Iog ") The rlesul ti-- 1r rema ins rh i t

balanced. Figure 1 slows er A.l-.?F with N=7, and ro e

structure.

10__ _ _ _ _

15 tef -I rih

5812 KEY
5 12

Figure 22
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I, PT MEN TA7I1: acn ncde in the tre2 ccntairs a EY field

1. ona ninz the PriorA.y a -L FFT a r,! Fm ci -Te rs W h i .h

ncint to th. correspondir. left ard right descmndamts of a

node. The B4LANC, field which !ray have either -1, V, or 1

to indicate the aifferqnces of the height of th= left an!

right subtrees. If L and P indiicate the left 2a1 riZnt

subtrees of the node P respectively, then thf PA. JCE factcr

at P has the following reaninR:

rAL.NCF(P) = -1 : heigih t(R) = height(l) - 1

3ALANCE(P) = : heirht(R) = heilht(1)

FALANCF(P) = f1 : ei,,t(R) = hei!ht(,L) + 1

1NSYPTION: Ir order to insert a node with priority X into Fn

AVL tree, the Drooer T)Iace has to be fcu-" by maklrv searrh.

Search starts from root. P by co-varinr. ..Y( P) with X. If

t:.- new item is less than the K3VP), travel is rae thru

the left branch, otaErwise tnru the rizn branch u-til it is

reachea to the leaf node. An insertion of a new ite, tc an

AV,-_?=F .-iver a root P with the left and right s rbtrees

a n"4 R, causes tree to have different -ases. If the new ncde

is inserted in tne left suotree and caused its heizihc to

increase by 1

P)e~( reight(R/:T ana F bercme ot' uneoual

height, but th= Calan - critr cn is n.t 'c!--..

4 2)height(L) < he1iht(?)': and " obtain ecuel ht.

)heaiht(L) hei ht R:h e I.an.C crit ... ts F
violatea ana tree must be rpbalpnced- !5 1.

The retalancirr is carrinc c ";t usi s"n!aU: " f..

5I
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different Linds Of rotation LL., RR. LR, anc 31.. if'

renal.ancina is necessar7 after tie insertion. cnly one ~

these rotations will be sufficient to rebalance t ,e tree.

These rotations are characterized byr the nearest cncestcr,

A, of the inserted node Xwhose balance factor was already

+1 or -1. The following characterizetinn of rotictll types

is obtained.

TL: The new node X is inserted in. the left" subtree of the

left subtree Of A, where A is the nearest ancestor of Vhs

nod~e X, whose balance factor was already -1. The alp. ri thr

and exan"Dle is sh~own below.

T T RCT.ATICN

'3 'ala r e(P) -1, ard balance(lof t(-")) =-1. where P

isth Dner tc

001
44-X

A -- 8 1 6 1

0i'r 0~L.~ttc n?



LR: X is inserted in the right subtree of the left subtree

of A, where A is tne neerest ancestor cf the rode X, whcse

balance factor was already -1. The alzcritnmi and examle is

shown below.

L, ROTATION ;

/ balance(P) =-1 end balance(left(P)) <% -1, where P

is the pointer to A. */

Pl:=left(P)

P2:=riphz(PI)

right (PI)1 =lef t (e-2)

left (P2) :=F1

left(P) :=rieht(P2)

right(P2) :=P

readlust balance(P) and balance(Pl)

P:=P2

ENE LR ROTATION.

-4

0 41 
0 0S 4

0

Ji01r_- 24 IR Rctatlcn on P.



RR: X is inserted in the right subtree of the right subtree

of A, where A is the nearest ancestor of the rode X, wnrze

balance factor was already +1 The a .zorithm and example is

shown below

D.R ROTATION ;

/ balance(P) = +1 and balance(riz t(P)) +1, where P

is the nointer to A */

' Pl:=rigbt (P)

rieht(P) :=left(P1)

left(Pl) :=P

balance(P) :=

P:=P1

FID RR ROTATION.

5 5
4 +-A 4 9

0~3 6 9 3 7 0
00 \ 1

00 0 0

iTI

Figure 2 D DR vntatio on P.

--jL _ _



RL: X is insertea in the left subtee of the riFght slabtree

of A, where A is the nearest ancestor of the node X, whose

balance factor was already -1. The algcrithnm for ?L rtation

and exaDle is shown below.
RT ROTATIe CMli

/ balnce(P) = +1 and balance(right(P)) K> +1, where P

is the nointer to A. */
p1:=ripht (p) 

!

P2:=left(Pl)
lef t (Pl) :=right (P2)[

right (P2) =P1 
,

right(P) :=left(P2)

left(P2):=P

readjust balance(P) and balance(Pi

P:*P?

FND RL ROTATIC'N.

-I
0 0

0 +1 0 0
2 7<A2

Q 0 -1 0 0 0 0

1 4 91 4 7 9

i-'216 RL Ro t at zz c n P.

In

_I °'



PR.OCEDlURE INSFRT(X,P,=)

P'_ Th.1e new item' X is inserted into the AVL-L. --r witt rctt?

i~is true 1ff the su~t-ee hiei,;it tias irn^reased. ~

IFP is leaf rode THFN

create new node and initialize.

set H true.

EL SE

IFX < 1key(P) TH.EN

INSFRT(X~left Son of' p,;)

IF E-t rue TH2N

CASE balence(P) 0F

1:balance(F )=C an! F=f else

-1:IF balance~left(P%) = -1 ~F N

do LL rotation or. P

balance (P)=e

FLS T
d-1 LiR r-tatior, on P

unclate balarce(P) and belancefleft(PNI

oalance(P)=0 a-I! ii~false

ELSE do nothing. /v ;:=false

INSFRT'%X,ri-nt son of P,7)

IT- F=true TEN

CAS7- balance(P) 'nF j

-1:balanc-e(?)=Z n 1as

-HJ



1: IF balance(ripht(P), 1 THE N

do P rotation or P

balancef(P)=[

ELSE

do RL rotation or P

update balance(P) and balance(ri~nt(V)).

balance(P)=O and H=false

E I TELSE do nothin-z P- '=false q/.
i~i END INSERT.

+ 01

After insertion tne triority 4 into After rebaen-irin-

ficure 2? ar d before? relalancirg

Figure 27

I-i i



7!EL'TImN: A deletion froT an AVL-'P.F-- could unoelarce it.[

The rebalerncir.p operation. remains essentielly tne spro es

for irsertion. Since the higtest -priority is alwayrs et the

riahtmcst node Dcsition, only LT, and IR rotationis are needed

to reoele'rce the tree. A nornlean V3riIe ne-.2-eter H has

the m"eaning the heigh,"'t of the suhtree has beer. recauced.

Rebalancing has to be CCtSid"Ered only if Bis true.

H

D ROCMUR2 EFEH

V Ix Start with, root P ard travel thrua tte right son ':til -:he

rtightmes't node is found. PRemove It and re'balance th'e treme ty

traveli-ng back ttru the reot. ~

t find the righzmost node and deletle it

I travel back trnru the root ,and -
Call ?A4A-NCE(?.v) if necessary.

P!IOCFDT7-RE PALANC?(P,E)

/* This routine is called if H=true; the rignt branc~h '.as

neco!-e less flieh. ~

CASE "balan'"e(?) P'F

1 1: balance(P)=e

I 0: balance(P)=-1 FfalseF

-1: 1? balance(left(?1)) <= f, -71j N~
do 0 L rotatior



,1

do LQ rotation

lupda te* balarnce(?) and balance(left(P)).

M'D 'BALANCE.

0

00

Yt--ure 20 After i-eletion~ cf 'niohest ite:" and U c ~

f rc- rgr 22.



AVL-TMF INSERTION WORST CASE ANALYC!S: In orer to find. the

raxlr'"ur, height of an AVL tree with N nodes, co,:sider a fii:d

height(h) ana try to construct the AVL tree with the rlau 'um

number of nodes. The following anal.ysis aDrears in

reference Le .

First of all, let's take N nodes ana atterpt to arre nEe

them to nrcduce the AVA. tree cf reatest d-pth. The idea is,

systematically to favor the right(left) subtree by usinp the

least rurber of nodes to create the left(rioh.) subtee of'

height (h-2) and the least possible number to proauce a

right(left) subtree of height (h-1). As a resul., if we

include the root, the height of the tree would be h.

Since th e balance property of an AVL tree rust hold for

all subtrees of an AIVL tree, similar conditiors rust hold

recursively for the left and right subtrees. Figure 29

illustrates a sequenr-e of such ripht-leaninr AVL tiees cf

deepest extent for N nodes.

CI"I
Figure 29.

I V
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The number of nodes in the left an . rieht subtrces CfP the

trees in figure 29 are .iven in table 1.

number of number of number of fibcnacci
noaces in nodes in noales in nut JoErsheight left subtree right subtree whole tree

1 S 1 2 1

2 23.2 41 7
5 7 12

7 12 2

Table 1

It Is easy to see that there is a recurrence relation that

characterizes tne nua.ers in each of the colurns of this

table, namely:

= 1 + -h-l+  h-2 where, "O= 0 and G 1.
This recurr-nce seems to be a close relative cf the

recurrence relation for the Fibonacci sequence (The
Fibonacci numbers are a sequence of integer defined by tae
recurrence relation F.= F.+ Fi_or i > 1 with ocundary

conditions F,= 4 and FI= I )
In fact. comparing the FibonaccI sequence

7,1 ,1,2,3,5,8913921 . .. ...

to the ni:rnbers in the columns of Table 1 suggests that his j
just one less tnan sore corresponrlirg Fibonacci nuroer

Gh- h+ for this reason, the trees of Fie 2P are called

L ______________ _____



Fibonacci trees. Since these Fibor.acci trees have the fewest

nodes arong all possible AVL trees of eifght q, as indicated

nefore tne number of nodes in any AVL tree of heiett h obeys

the relation N >= Gh; so,

N>=F -1.
h+3

But the k'th Fibonacci nuMber F is bounded below by a .cwer
kof *.,.-n/2aI- -s

of the inverse of tne golden ratio 0= - .I

k-2known ttat F >= 1 and ,-ora preciselyF > / - 1
k k

1== ~Hence, one can conclude
4 -2=Nh

from this,

> op (h+2
lCo (N+2) >o (/5) 1o 0V C lgo J7 h +2 -1o pb

10Elog AN + 2) + 1 og J' > a +2

so, h < loz (N+_) + log - 2.

now, using the fact that = 1.618Z34 era ap-ying a

logarithm base conversion

1loizx 1 (lo 2X /loi C)

one gets,

log 2 (+c. "o '

log 1 .e ,,3: 0lo: 1.61M 34

h < 1.444log2(N+2) - J

The worst case occurs if the 1key of new ite. is t.izer

than tne big.est Key in the AVT-tree, whicn in this Case

insertion wculd be don? tc the ri.ht-cst nd en , uld

-auise to increase the teiht of the ri-it su"tree Cf eve"'

ancestor 0r. the patn by One. a ar 'T t -p s

69
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kJ '  

J J i ' .... ' .. : .. . .. .. . .. .. ..... ....

left-leaning., the. worst case occurs if' ths srallst 1vey is

inserted) tc restore the'lcst balance propert;r exactly cne

of the four rotations will be sufficient. s a s-:a -'r total

l.4410g 2(N-2) iimes key ccTnarisc.s an! on,- roteticr. nee! to

be done in the worst case.

AVL-TREE DELFTION 'OPST CASE ANALYSIS: Since the -? ig est

item is at the richtrost position, there voula not be any

key corparisons in order to rini the highesi key in the

AVL-tree.

Deletior of the highest item mey require a rctation et

every node alone tlhe search Data. Consider, for eatl e

left-leanin Fi~onacci tree (opposite of tn- . iT . 4- 9, , the

I.o. c .f the rightmost ncde wculd reqcire - rctation at

every node alor. te search petnl, which would be done at

STORAGE RjaIRZX N T M AITE: 2ch node -cntere twPc

pointer f ields and two irteger fields in this

irpler'ertatin. If there are ,M te"s in the qtueiie, re".2Ired

storam 'oul be 2N pcnintzr fields, 2N f I a-d

NI units soace for infor-ation where, : is tne size of

infcr~ratlce at each nre.

72
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G. 2-3 TRFF

Another ir-plementatio", of a priority queues can 'e done

by usin., a 2-3 tree's vroperty.

DFFINITT!N: A two-three tree is a tree in whic each vertex

which is not a leaf rode, has two or tnree sons, erd every
oath from the root to a leaf is of tie samrr len.'th. The tree

consisting of a single vertex is also a two-three tree.

Figure 3,0 illustrates two different 2-3 trees struture.

At each vertex X which is not a leaf, thore are two

additional Dieces of inforration, I and V. L is the larpgest

lerent of the subtree whose root Is the leftost sor of T.

Y is the largest element of the subtree whose root is the

second son of X. All inforration aoout the -oriorities are ,t

the leaf level and in increasing order fro., left to right.

Tf-he values of L and M attached to he vertices -a.le en- to

start at the root and searrh fcr an ele-?nt in a -ann-r

analozous to binary search [Il

2:5 3:6

F i - . r .e 3 ".1

4:5

-~~~ 

I 
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IMPFYt'NTATIN : Fatn rode in tae 2-3 tree is in ?he for-

I I I I

L 1 KEY M
I --------- L ---------- I
I I I I I
I I I I I

leftj middle: parent: rightI I

where left. ri ddle, and ri.c-ft are the tcirters to tte

nodes ccrre4pcr in . to the left tiIdle. ar rii'h t

descendeants of node. The parent field is a pointer to tte

f'ather of that node. Since each internal not (vertex) lie. 2

or .3 sons, left and rizht n noter fields of the i-ternel

ncdes ran not be empty. For the nodes wnich -ave 2 sons, t":

-iddle pointer fields will oe nil. The pare-t fiel o, aet

-ode, exc-nt a root can not be nil . Fecause cnly a rcct jocs

"ot have fathpr. The irte~er fielAs L and 7 'o-tain tta

InforratI ons as mentoned ahcve. he Y fi.eld nontairs tie

inforr-etion about the nricrity of jte"-. The fiells ofI e--

i of the leaf nodes are always set to zerv ar-d 1 -t djn.

and right rointers ere always st equal to "!I. 1h= MY

field cf the internal nodes(vertires) Is always s.mt ecual t1

zero, because the vertices are not the iter, 'ut Only t.e

rode to corstruot the oath from the root to the leaf ,olas

to find the expeoted item.

"72



INSFTION: In "rder to irniert the new item i r t n -

tte proper place has to be fcurd by reens of 0urctior.:

SEAFCF. This 101)nction starts -a..:inp searr-' with tin~ rroct

arl the priority of new !te!- PPT If PPTY is less ",-2r 1IF

th~en travel is rncle thru the left branch, if ?P.T1 is b etween

L (R and Y fx) ani the vertex R h ~ sons trpve l is r-21

thru the milisl branch, otherwise t- ru r i i-ht branch.

Ts searct cortinues u-til It has r-actei thq leef roes

The pointer F which points to the father n±' these leaf ncles

is returned to tho calli Drnced~irp.

If that v~zrte-r F has already twc sens thtr ir'T tie nt-w

i te'- the at-ropriate son' of 7, 2rA readj~is t values of T

and m alen? the nath frcr F' to -n rot. If -3 1 -rad,,

three sors then Ima!k- thp rew ite:- the eTrtrccriAte sir -f ~

ard call proceduire ArIrSOn% to in-ornnrate F anI itc f our so-,;

irto ?-7 tree. After the inserti Dr',-ess, th$1 hi es

oriority will Ie always at t-e ris-Tt-cst -ms4-icn of 7 -

tree. The al~nrizhr' f'~r f~irrtion crAt:C" a,. zrorPdre ancr%

h ave 'teen ; i!, n belcow. Tne in,;rtlon i i ,,ls tra.! I'-

f i u re 31.



FUN CTION~ SFA?.CH(PRTY,R)

/ Where P is the root, PPTY is thie Ire: of' new iter

IF an sonof R is a leaf' THEN retu~rn P

I? PPRTY <= I(R) TFEN search(,PPTY,left(1)

EL SE

IF E hes two sons or PRT!T <= M~(P) TFTN

sa rch (PETY, mid dl e(R)

ELSE search(?RTY,ri?,ht(R))

YND SEARCH

D Cimr!RT ArpsONr(Z)

_~Tis -vrocedure takes ?9-1 tree witt~ vertex Z ,which hps

four scrs an'i converts it ir-tn 2-11 tree tc satisfy t--

-3tree property b,, creatinz th-e new vertis. ~

create a new vertex 7

:ra'e the two right:-oct sors of' 7 the left

{ an right sons ci'

I? Z has no father T'-'IJ

create a new rcct *

rake Z t~.e left scn and X the ri f-ht son .,f

len -2 a t, n'a r o f Z 1
a_"r son of F i~daeyt" tnm ri-! of 7

IF Trnv' Ihas 1 scnc TF Zrl 4q I

EIN L Anso

74



.ASEI1 : I This nrocess is the reverse of the arrer by wti-n

aSn e lerrt i s -s ieree Po-sre e i fir.!s V- ri t st t

Sites in the dueue, ard isccn ect the acite: to tat ie-.

It F be t h fatner o, that itr ta n a'. V- I•e

different cases in aeletior roeess.

CAS1: If F is root then remoave F.

rASE 2a If F has three sons, remove ite'.. now Fhas two

sons. A14ust 1 and M. values alon;! tle -ath fr -

F to root.

CPSF 3 :If F has two sons ,there are twn nossi)'ilicims.I

Part Wb is hendlea by pro ,ecnre SUqS(1'1f.

(a): if F is root, re-ovi itemr and 'F, and leavetn

r ema in n left son as the root

'F is -ot root; fin left brntter of Y an! -a!1

i t J• If J has three sons, rake the ri-*ht son cf J

the left son of F, a i a dust. ne L a r ":aM1es

all ancestcrs. T- s asa tters is not -n.'r vert-

ieletion. This is illu stratod i- "'r "(' .:-r T

has two sons, make the eft son 3f t..e i.-.. s.n

cf . If J is the -ille sor of ;s f:he c ust

mane T right son of Its father, an a ic:st the I

an! X values. This Pse is .lust%t i i

the father no', has o ly a lft sc-; "i- T. e -

father of J ar. :a1 S"O S " C n:rr" "

its fetner irTe ?-Z treeril . -.. -*-s o  j, . r _=.e.-;

-A

V%.-



5~F! tte rcirter to t~' vertex. ri.S zt~t sn- 1s thm

hiphest Item~, and t;-o middle ncinter is ?- ty2*/

1F father of F has 2 sons TF

let J be lef t brcth!?r r'f F

IF J ha 3_sns TH-Z,

lef- t (F -- t(T

a aJu st t 1a nd v~ alues tilru r-ct

I -L S F

Irtr.htJ ;=left 11,I. er-cve F ar d Y:=-aren,('

IIF F is root THEP., ront:=left(roct) rT -7 3~!

TT-i-

-4 let T 'ho left brcthor OfF

iIF t as 2 sons TF

-~adjust I.and 1 austrarc

le tr):=ri't(JT'

ad iust I. adMvle r c,



-I 2-3 tree before insertion.

2:5

1:2 4:5 8.9

2 4 8 9

2-3 tree after insertion 5.

- - -new links

new created nodes

_ _ _ _ _ _ _ _ Z2
j Figure 31.
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Il

1:t2 : 1:2 :6 :8

Figure 32(a). Exam~le for case 3 part 1 of deletion.

t

12 4 6 :8 :11:2 A4 -6 :8 1

Figure 32(b). Example for case 3 part 2 of deletion.

12 34 6 1:2

4 7-

73 3 5 3 4 7

Figure 32(c). Example for case 3 part 3 of deletion. A
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2-3 TPEE INSERTION WOPST CASE ANALYSIS: It is necessar. to

analyze a 2-3 tree in twc different ways. In this methrd

there would not be any key exchanres, but only the update of

L and M values. Two different worst cases are obtaired as

followine:

1) The deepest 2-3. tree or N keys will oe constructed ay

taking the rinumm number of hildren (two) allowed for ea-h

rode. So, the heignt of a 2-3 tree with N leaves is at most

Lo NJ. The correct ositio. for the rewly insertea item

is found by function SFA? C!. In this function, z e key of

the new item is copared with the values of vertices. The

-worst case occurs if the com-perisors are 7ade wit- both L

ana M at each vertex along the Datn fro! root to tne leaf.

This case happens if t-=:- ey of the ew isem is 'i er .han

the second bizrest key in tne 2-7 tree. Henca ite funr.tlcn

SZAFCF calls itself recursively d times. 3o. the tctal

n.rber of ke r co!par sons would be 2!!on I
2

Since in this analysis every vert.z has two scns, the newly

inserted iten would be the ttiri son of the correct vertex

and we would not need procedure A!rSO-N.

2) The worst -ase for the functicn SFkR" whlih -lerticred

in case (1), would be also" sane for tnis case. The .nly -I

difference is the t of he tree. namely the t:tal

num ber of key co-pariscns wcull be ecual to 2' !^g V. -
- 34

each vertex nas ' sons, after tne inse-ti zr -rocos, as -a-v

as d nodes have to be split as tne snlit nrT resses u to

the root. This is cc-no by prcedure .MLCN_ . 7h- would nct



be ar-y Key comp~arisons, but it is necessary to u-plete !1 prd

K. values alone thie tDath, from tne second bottc.-Mcst level to

the root. In either case Cw(loz N)1 is tite wtorst na~se tir~e fcr

an insertion.

2-3TRE ~tTI Oh vCRScT C IS? A NALTSIS': The kieiz-Lt ±t.

de:!nest 2-3 tree would be3- d=Llc 2 N! on1 N keyc as rz en t i crL,

itTh e worst n-ase occ-urs if' each irert0 .c has two scrs.

Pecause, after the deletion CO the h1zhest key', the fether

of 'h M h±hest rey would have only one son left. In nr'!r to

incorzora te the left brothe-: of the hFsteyi-tc 7-7

tree, pormcedire SUISO~ has to call itsolf3. A t !!C-S . er

would not be any key con-arisons. a~~a~s nd update ef

the L ernd F values.

STORAGE R-70UIREMENT TnR2- TnrW: In this 7~etioa, all

irforr~ation about the itears are h=' y -xte-rral 7cd.es.

v'act r~ode contains fci.-r zointer fl~lds aza three 1 t eze

fields.

The maxi-~rm nur-ber of n odes woul ze~ i'aa-

has two sons. Inr this5 case if there are 3 ItCers in T~

cc.-2U= X-1 iLnterna I cr~des a re ne-? e; ;tl NIcd. :t

woula be ?1-4 pointer fig?1as an 69.-n. int er-e: f 1 lc s
The nv-. numb er of' n c,-4s wcuil b-- ir =z;, -^,a=

nas 3 Sons. In this case if tbere are i te-s(e-t.,rnel nni--

'JI

... ......

- ~ ~ M-6 - Mz--,-



In the queue, the height of th e tree w ou la. 'b- ~a1 to

k=~lIo 3 N. Since , the number of n~odes or. the successive

levls f a2-3 tree wi~h 3 sons of3k tahe oa node lcsa

in netree would 'be eoual to ,
k

2= k
since, all items wou~ld be at level 1r, N is, equal tr ~ h

number of internal n~odes can be calculated using above

f ormula;
k-1 -1-

2= 2
So, the total of nodes in the tree wit', N externa3l ncdzes

would be equal to,

22

that would.4 be EN-1 pointer fields,------integer fllds. ana,

V~I units of storage where, I is the size of infor-2tinn et

each node.



F?. FIXED PRInRITY

This met iod of priority queue renresertatior wes

liscovered by luther C.Pbel LPh.t.thesis un!iersity rf

Illinois 19721.

DEFINITION: In this method, all the elements of a oricrity

queue are known tc be conteined in sorre fixed set

K T1, K2,....KN 1, where K1 < (2 < K3 V1......... '" .

The idea is to use the cortlete binarr tree with I

external rodes, which are implicitly asscciated with tne

keys in ir.creasin, order, from left to ri t[E]. ITiuie

33(a) shows the empnty priority ouev wit.' the prority rarr'e

fror 1 to 7, figure 33(b) shows with 4 Items in it.

*0p

00

0 0 0 00
K7

Ki K2 K3M K K5 6

(ci) (b) 4'
Fig'ure 3 i

MW

B?



I 7' E'T A '1 CN: In order to represent tne eirpty priority

queue it is reeded N external rodes, en N-1 inter.al

nodes(as a characteristic cf a complete binary tree),total

2N-1 nodes, if priority range is fro- 1 to N. nt.pr-al ndiMs

are impler~ented as a bit arrayr and have an Infortratior bit

either 1 or 0. Tiese rodes are used to find the h _ghest

priority iter in the queue, during deletion operation.

Before calling the procedure T-NSTP to put the re., ite-

into pricrity queue, the proper exter-al nce is oalculat-d

in the main prograrr, such that the priority of te new ite.r

will match with the assiciated ke:' o, the external -'ce. The

heipght of the tree will be, .=Llr-2(2N-1) ', if the ruer of

total noles are 2N-1 to represent the e~tty priority cu, .ue

Now the proper index K of the external node for the new node

can be calculated as follows ; Let I be th- indmx cf tei

ri4htrnost location on the second bottcrrost level, whl

will be ecual to I=(2Vc7:h)-1.

K = I + priority of the new item

IF K ", 2N-1 TRFNI :.( -2N I )-N I

Irsertion of rriority 3, a-d leletion of hi.:hest .rriorit, is

shown in fis-ur- 34 and fic-ure 75 re-ttvly.

1'
V_

- ... -.AR
.

________________~ ~-. _____ l-
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PROCE-DITO TNSFPT(K)

/* Ir is the index ef Vie poper external node cf a"~ arrey

ra the priority of the new itemn Is ec'~eal to the asso-leted

krey of the external node ~

BEGI N

create a new node y

IF the external node K is ermpty T17FN

link y to K

set the nodps 1 along- path fro- K to root.

E LSE

find the last iter, belong, to external node 'K, and

link y to It.

Y'ND TNSTRT.

Figure 3,d .After Insertion nrieritv 3Irtm firur= 711.



DELETION: In order to fina the highest oriority in the tree,

the inforrration 1 or 0 at the internal nodes are used.

Searchirng starts at the ront, if the right child has

information 1, travel is made thru the ripht child,

otherwise thru the left child until it has "earhed the

external nodes. This external node will -ontain the hiLhest

item in the queue. The algorithm for deletion has eiven

bel ow.

PROCErURE DELETE

/ Find tne highest vriority itefr and rerove it fror the

queue. If the removed item is the only one in its ratagory,

set nodes (which do not have any relation with other raths)

0 from the external node to the root /

BEGIN

j=1

WHILE j < N DO

BEGIN

J =2j

IF B[2j+l] = 1 TFEN J=j+1

rem.ove the first iter belong to the xternal node I
set the nodes V alonrz the path frog j to

the root if necessary.

ENr EETE.

85
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-I I:

I
41 I

1'I
I

I i

I
I
AI
-~ Figure 35. After deletion from figure 34.
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7 1X~r, ??ICPITY !JSE?.T!CN WCR'?5 CA.S? AN~A:YSIS: Tf 0~

pricrities rang-2 from~ 1 te NJ, in oraror tc c::str'.rt an -?rTy

queue, 2N-1 nodes are needed. The ~ettof tne tree will be

d= this mthod ttere wculd nct be ary =

ccrrerisons, one or two addition -'nr-?ticns are "e-csszry to

ftrd pro-er pc siticn for the new Iter. This lorccess i.s lcn?

II every insertior.

Thq worst -:7ase o cur,, If th-2 -ew item~ is the first ~te

in i ts prori ty . Af ter tne co-nertion of th 7:new 4.t er

d one to that external node, it is necessary to traverse

alonz the Dath fro:- that external node to the root in. cr~ie-

to set noles I. This WoulA ta"e d steps t C r -2e c: c th

c cuar s i f th 2 h Igh=_s t It e I 1n tVi qe,,: 2is the2 c nl1, c r .2 ~n

itL- catecory and the pet-n frc. ' rcot to that excternal nocde is

i , l 0 rin frc.1 t h cther Laths in th=_ tree. r-c fira th=

nignest icey in the queue takes d stelps and after tne

deletion, Lravel oeCiV tnri tne root a1s3 takes d stezs;

toteal 2a steps.

STO'?A1"Z RIE .IRPNT' 7P A FIXT T PZ IfR.I Y: IT "r~Its

renpe fror~ 1 to n, n e..ternal nodes a.o a-! izterzal ncces

are needed to Ponstruct an Ce.ntY qad=Ue=. A tit a r r o f 51

?n-1 as t o be a 11nc ate e: a I n arlcitien tc !: 1-~

external no -'ontpins tvc nclrter fle1ls i f there ar V

A-0

_ IA7



total reculirel slcra~le wculd- te eoual to a bil. arre; clf si ze

2n-1, 2n-LN Diter fields, ani N*I urits spa'~e wht-,r 1 s 1

the size of inforration at eac-h rn)e.

IFI



I T. AVERAGE CASE TIM" ANALYSIS

On a random sequence of inputs, most of these technicues

only rarely enioit the worst case behavior. The r;-nir,,

time, especially in the average case is ;7ener 1ly r-cre

difficult to predict. One .ethei which ca; give rore i-.sizbt

is to determine the expected running timae natenatirajly.

Fxpected running tirme depends on a probatility distributicn

on the insertion and deletion recuists. This eis

'-allea tne average analysis of' an elzorItrI[71 . ?ut this

kind of analysis turns out to 'he very !:ificult fcr

compolicated priority queue structures. An alternate rethod

te gai. some feelin abcut the runnin : time of an al'rit h.

is to execute tne proprarn several ti-es on ra:_!or invuts

and average the results.

This alterrate r-thoa was used n t:.is r-sare'h

analye tne aleorithrs. All progrars have bee. r.n o n the

PrP-II Unix Tire Sharing Syfste- at hPS. in t1 = ernlrir-ai

test, five different seauence cf I"no n'e brs -h i a ee

uniformly distriuzed between 1 an! IZ?. were used. Fe-h

method (for a specific nucber of nodes) w~s run five ti!res

by uslrz the sare sequence o' ra r n urs r t

obtained results were avera-ed. Sables 2,7.1- giv th

obtained average runni-i tires for each 7etho! 1 se-c-ds.

The values in these tatles were usec tr K:t th grahs wh

nave been Piven in fizures 3Z, 37, and 39.

The average nurber of inter-ky mxr-hap--es d uri the

99



insert! cn Drocess of a 'neaD' have b-?en obtained and Fiven

in fi.:ure 39. No:e that tne nurber of inter-key exchanges

approach constant value as tne number of nedes in the heap

approach i"finite value.

Firally, an average case behavior and require;, snaces ef

an implemented alrorithrms have been Eiven at table 5. The

notation '0' is called b!z-oh. nctaticn an! is use! in

table 5 to express tne runninz times of the alporithms. This

notation is a very convenient way for dealinr with

aDproximations. Yn general, the notation C(f(n=) ay be used

whenever f(n) is a functi-n of a 'psitive integer n; it

stands for a quantity which is net exylicitly known, except

that Its ragnitude isn't too large. Every a-rfre of

O(f(n)) means precisely this: There is a ncsitiv, ccnst rt M

such that tie function p(n) re resnte" b.- 0f( ) satisfies

the coniitio. (n) < M'f(n., for all C, =r0 for sce

constant n~.

RR
14 gR



A. AVERAGE RUNNING TIMES
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B. AVERAGE CASE GRAPHS
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FIGURE 37 RUNNING TIMES FOR DELETION

95



SEC.

38

34

32

30

28

26
24

20

200

16 

-

14I

69



0i

d44
0I Q)

0

0o

C0
(D

0O
0)

uoo

'1 o

C)

CC,:14-1
0

.0 CN

-- I0 
.0)*

M4k



Pricrity

queue insertion deletion space

heo 0(i) 0(10£ N) VT-1)

1-ary troe 0(I) O(lc ' N)

linked-list O(N) 0(!)-2) + ?

leftist tree 0(lc g N) O(lop N) N(I-'E)4

linked tree 0(log N) O(log N) N(I4)

AVL tree 0(Iog N) O(lek N- N'I 4) "

2-3 tree 0(Iog N) O(!o- :.) ,'(I-14)-?

fixed prty O(log n) 0(lca n) 4--.(,'

Table 5. Corjectured evera-e behavior of ar

alorit hmis and recuired spaees.

vhere, N is the numr'er of items i r.

the queue, I is the size of inf1rmatcon

at each node, and r. Is the pricri ties

range.

•4 !

° 2i



-Priority -
que -it insertion deletion.t

heap 0(1o.6 N) C(loz N)

k-ary tree O(Icg M) 0(lop N)

linked list O(N) 0(1)

leftist tree 0(loz N) O(F)

linked tree 0(loo M) O(,').

AVL tree 0(Iog 1) 0(lo:. N)

2-43 tree O(lo N) C(log M)

fixed Drtv 0(log n) 0(lo n)

Table 6. Surrary of the worst Tase rur.nn

tire of the a].gorith-s where N is

the number of Items in the aoue,
~and n is the priorities ran,;-e. -

IN

49Ic
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IV. CONCLXS IONS AN ?FcommF~rATI')WS

When the number of nodes in the priority aupue, N, is

small, it is best tc use one of the strairhtforward liroar

list methods to traintain a priority queue; 3ut when N is
lare such as more than a sevonty, a -Ior N retted is
obviously ,Puct. faster. Therefore ier4"e priority queues are

generally renresentea as eaus or as metncas whicn req..- re
0(log N) insertion ana deletion tire.

Aron. these algoritirs which h.ave been studied. AVI troe
structure turned out to be the best in terrs of runzir~ tire

on PDP-I1 Unix Tire Sharing Syster. In this there

are neither any inter-key exchanpes nor any o erations suP1_
as rultiolicatto- or division wniih tak.es rore CPU tire. 'u:

the reouirea space is rouzhl:, four tires rore then hea-s en.
! k-a r'r trees. and ror.rarminE; is .-or= Fopiatd ears ard

..,:-ary trees are easy tc iplerent and -elinre vinurur sanee

arong these algorithrs. 2-3 trees els-) 4ve ,ood rurnnl-ig

time but required space for 2-7 trees are rcuhlyr fourte=

tires rore then heaps. Linket tr.ees require spa- Ps rucn as

AVL trees dn, but ru nin time i ruch bir-er t-ar AVL

trees' runrin tire. -eftist rees ere sunerlor . r ..

disjoint priority queues, but take more s ace t an 7 '_7e

trees. If the priorities ran4e is sm-all such as less than

fifty, a "fixed nricrity" algorithm can t-e ronsid-r= tc

maintain a priority queues efficiently.

As a sumrary, if in a application ther_2 is not any sna-e

---- -.... ? - , ~ -



-onstraint, AVt tree structur:- should be usei. If the=re is

nlot 2any rurni r tire con~strain., a hear or '!-ary treeistructure should bi? used because heans and &-arv trees are4 asyv t o i:-l1e-e nt an! r.eciiire -ri-ur'iT stora,-e a r", th~ese

aligcrithmn. lef tist tree s t r,-c tu s cul bme usd In a
-javplicatiorns which fast irer-?ing is required. Tf the rt,:-bpr

of rodes is less tha, hunlred, snrylne.ls o1

erouzh efficient to use.

As an e-,tension of' t-.i s tae si s a ri ri ity q 1ieu e
structure could te irmplen.en-ted b: us ing a 'bir eria I

queue s'41 F-I.reesl -r d a 'ragod~a. Pa-ola is at

structure for reDresenting priority cucues Ea a detalled

descri- ior can be fours. in ref. 15. A1lso d1;rne- c nricrl.t7

queue structures could be stuoaed. A dynarmic pricrity cueu?

isa Dri ority queue with the =xce,:.tior tnat -,ioritips in

the queue Pan Chance cver tinie.

:44
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APPENX. PASCAL CONrNG OF IMP!F m ETP vT!0.!r

In this section of the thesis. Pasral eodine of the

heap, k-ary tree, sinly linked list. leftist tree, linked

tree, AVL-Tree, 2-3 tree and fixed priority have be-n ?Ivon

respectively. There are not any extra thinrs to di in order

to run these prcgrams rn the ALTO! system at VPS. In t=

PDP-11 Unix Time Shartre Systen there Is built In function

PANrno to Penerate the random numbers, that is why furctior

?.N D0 in these -oaine is not needed or. the PD-11 syster.

In order to run these Drrrans on the PDP-11 system one

needs to set up the function RAiDOM in tne r ain rorre:-.

I

- -_ _-

A-. __



A. HEAP
(~THIS IS TFE I!YPl EF~TATIt"N OF A PRIORITY CUFTV ly

(~USING~ A FFA? 'DROPET!. tATA TYPE ARR.AY IS USFPm TO l
(RPR SNT THY 4OD?S. AN 4PPAY A 741S TO 131 aTLCATEi--D)
AS ?s IG AS TIE 7AITM SITZF OF THE QUFUP.

PR('CRAM HEAP;
CON1STL OAX=50eQ9:

PAN=0.9;
VAR J :INTTEPR;

S FED: RE A'L
COI'D: cP'AR;
A:ARRAY[l. lE-e0e COFf INTEG-ER;

P? T: TFXT;

FEUNCTIQ'J ?ANflCm:I.'r~nPR; HPENRAF RAJTCY'N~'PH B m ?~
13'F, I 1 AND 102e~
SEEDSPED??.~281+141591?:

RANDM: =1+.?7N (Cci rSFD
FN I;

P R nC EDUR F S rFT U P(V A I 11.1 LT-ECR)F A R

PRC%-E7-UPRF !NSEPT(VA? PRTYv.: IN T 10; ;cDS F '41 *D C- 0 rC T

WF~~ ~:INSrom A NE,. NOIE INTO A HEIP. ~
~J=+1 :N

I . X N>AV 1" 7 W? T Mr:J1(PtT. 'E7RC')
TES

SIFTlUP(R);

EN D;

PPOC!?rU~r CIFTUP; C:;SI'TP NEWLY !ISFDmvr TTF!M zz
VAR 7ALF:I4NTErc-FHi

tTATLF:=I DIV 2
IF A[EAALF] ALI1 TEF

T?P:=AtIBI
AII:=A[FA~r!S1;4

A r!!A L'7 : =Tr MI; ?C:rx7
T::1 DIV 2; -2

EL.ST I:=1

L 103



P R C UR I T r, -7 N, E G r o

??OCEPt'RE DFLE'TVy; ( YMVF PE DvT's y
VtP T:-:P: INTrc.FT

1? FC IN
I? N=e THYN YPITr!LN(??T, 'FPRO')
FLSE

TD . GI N WHILE NM> Do PECIN
Tr-" P: =A r N;
A [NI :=A [I1

EX CIL =ECF 1z

P' CD TRY REST; (TFrtp 7 U T"=-ST PPIC 1TY ~

IF .400 T7FM! ' -PITF (FRTp (11
YLS? WRITF(P?T, 'NJO iE'N2

clEt~SFTrL im;(* sI'T:oWN TH 7CC*T STITVAR TFMP:I~4mnI!'.;- Tm

~E~t! I (T (7 DV 9) 1

IF K=2-I T~vN J:=K(

EISE J : =2*T +;
T7 _A[Il < Ar]~EF
TEGIN

A [J] =T2m'~

I:=J:

FN A

104
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B. K-ARY TREE

IS TMPrrT-A n- A P~?IY T--y

(~ TO?!?S'!iTIOD!.S Iq TO 7 Ut-E.

CONST MAX=3I'M

I~ ~ Y I il !~.A
q CED=SF~

P :?'!!.AIC

Nr rTM'c *t

VA

ra1 mrr - - - v- - -

~~F Ir I <. [T T OI :TL' TC.~

rT j :=A [ kT Tll
A (F A I : =77"P :

E! T%

3's I=:*U~ T"TNP~?E ?'IIIO:!,TTAV7 'r- -lz 2::

EN!!D; s n f::

P"'C tU?:' INSERT ( F-?TY:IF
~EN (:Q ATIE *A3~ Ji kT'AT3~~

IF "5 (§X ITF "' T. T F I NFT 7I D Ft Fc 1:c ..

? 106



PROCEDURE SIFTDWN( t,Z:INTECER); (lSITDCr(lN THE ROOT T' ~
VAR COUNT,FRST,JTV'f:IHrFGF'R (-c SATIS?Y :'-AFY PPCPErPTY-,)

WETILT  L <= (Z+iK-2) DTV c o('DITUILO'FV!ET)

FT!PST:=(K*l)-(%K-2); -:TE FIRST SON OF FtT7EF FROV !FFT'
J:=Y!PST+1; (c ;r ~o snc A~F ~
COUNT:=l;
t!t TL E (COUNT K ~) ANr (A [] (t r- 0 D (*D-O IT UNTIL 71')

FIN(111- TR~mINATE SVMBOL OR ?I-7T. MO4ST SON Or ?FATFYRy,)
IF k [E'r -> A [JJ TuFN (--c' FIND LAPr-E5' SON )

J:=J+1;
COTJNT:=COUNT-i1
END

'TLS S
1BEGIN
FIRST:J=,,
J =J+i;
COJNT:=Co7NTP+1
ENr;

?END;

IV' [EL < P. FIST1 T F N
(~EXCEANCE LA?.CES"' SON AoJD F-TEE. *

TFIOP: =A(L
[ LI :=A [rjLRSTJ

A[FIRSTI:=EP

TTIST

L:=((Z+K-2) DIV :r()+i; (,-THF ITFM IS IN PROPER ?iLACE'.-)
'END;

F N (* END OE PRMCEURF SIFTPowN *

PPOCFDURE DYLETE; (~RE-MGF THiE EIGHFEST P.RIORITY ~

IF N=O T~rFN t--PITFLkJ(?.tT,'NO ITEv TO FLTT')A

'A[N+11:=A 1;(*t'OVF FIGEETST PRIORITY ITBEY TO N-1th Pr'SITmION! :

[I =k (NJ ~Mv LAST ITEM IN CT37UF T0 FIF S T P CS 1 1C .'f
Nlrj: ( ZERO TO INDICAT T"RmINATE SYMBOL .':N

STFTrOWN(FIR,P);(-,S:lTrOV'N TFE FIRST IEWM TO P.DOPE? PCSlTIIC~ll::*)

VND; ('YND 07 PROCFURF DELETTE.;:)
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PRCCErURE PRINT:
kP NUM:INTF~l!P:
.1rIN

WFILT NU'M <= N+1 DO
'BYGIN
WRITE(PRT,ALTa1)

NtM:=NUM+i;
ENDO,

BEGIN (*'MAIN*)
RE~RTE(?T,'CCSCLF:)

=WRITE(PRl,"V!AT IS TE!- DFGT?!v OF T!HRFE..? K: '

VFTItF N < AAX-l rO
FEG I N

PEADLN(CcOMD);
IF CC'MD='I' TEEN ( CO~mANI FORi TNSRTION ~
B!E"I N
PRTT:=RAN1D'M
VRITELN(?RT*,?ANDOv= *'?RTY);
I NS7P T( P PTT)
F N

El S
IF C*.D='D' TFFN P F .vE C~ Coi D FcR r EL~I~~
FISF PET ' IDTHE FITGEEST PRI'nRThIY IN T T F C U 7

F N T I

FNP
FN777



C. SINGLE LINKED-LIST

( TFIS TZE IMT~?EMENTATION OF A PIMRIT! ^1vU- rv
(USING SIMG'IY LIN4KFI LIST PBOPE217. A ZATA TYP T1 (* '.rECORD IS UflTO RT!?RvES!NT THY Nor-iS IN TuF U T'

CONST MAX=300:
TYPE ?TR %'CDE*

KE!: I N~rrI END;
It VAR FRONT,?ACT,N:PTR

NUM:INTECE?;
tCMD: CEAR;
S FEr: PAL;
PRT: TEXT;

FUNCTION1 ?AkNDO .:INTEGER; (;%T7vNFRATES PANO~.it'3rz11IF PF F 1 AD10k'
PEOCEDURE DFLE'TE; (VEIMOVES THE MJOE WIT" EI=T-=, Pt-TV
VAR T!IGH:INTFCl'PP

BIF NUV = 0 TFEN

-RITELN(PR ,'TT!3RW IS NO IIE W IN TF7 QUFUEF', -

EL E
IF N17!1=1 T7EN(*TFR!F IS ONLY ONF 1Il IN THE r. ' F

HIGH:=FRCNT .KEY;
FPONT:.=N IL;
BpCK:=NIL;

ELSF (*TEFEE AV, M~ORT T2AN CNE ITFTD IN THE LtU7.U-.-

BICEH:FRONT KEY;

END; LNy
EN: *END OF PROCELUR7 DELFT'E.)

PRO' EDURE B!ST;
PEGIN

IF M0 =' 0 TFEN
WPITUN(PRT,'THEPE IS NO IThIN TF tFU.'

VTRITElN(PRT,'EFcGHFST PPTOITY IS: ',F"ONT_ .KFY):
END:- (X' END Or' PROCIEURT ET~

- - 1094
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PROOPF? INSERT; (~ADDS TERT NP NODEF TO 'rHE QVU"EU')
VAR W:PTR;

IF NUMV~ = TFEN (VlIiST I'TM CAME I TEE QU"UE,.X)
PEG.IN

NEW"(.N)( CREATE NEV' NnOPE AND INITIALIZE ~
N~ KY:=RIlDOM;
PRONT:=N
PACK:=N
N .LINI:=NIL;.
N b

ELSE (*THEE IS AT LEAST ONE ITEM IN TFE OU?UF.-N
BEGIN

-Nf (N);
N-MY:=ANDOM: WRITELN(PR"7,'PAN'OV: ',N-.K7-2Y';

N XLINK:=NIL;
~F: :F? nNT
IF 14 .K~EY < N.KEY TFEN ('rFIG-FEST PP.IORITY (CArF IN*)
BEGIN

PRONT:=N;
ENDP

FLSE
IF WC.LINK =NIL THEN ( TERE IS ONLY OnQ IT!7 r

W .LIN:=N;I

END ___

ELSE (X'TFPP. ARE AT LEAST TWO ITYNS IN TEE cwr)

WHILEN (W-.LINKr .KEY '>= N-.KEY) AND ;.LINJT > FACT' IC

W1:w!f LINK; (,: FIl%' PR~OMPT. ?ACV FOp NJE1W1 TT%."
IF Y ~LINT~ .KEV < M i .'VYTE

N .LINF:=W-.LINK~;
Wi LTINK:=N;-

END ( INSERT NEFW ITE". AS AN LAST

IN~I D; .
END;

!'ND;
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1EGIN (r PROG--Vyc)
PFWIT(PPT,'CfCNSO!EV j

?NU:=NL '
'EACK:=NIT;
WHILE NUM < YU DO
'"G-IN

PEULtN(COMD);
11 COMD = 'I' THEN (~COMMAND t'OR I.NSPRTION''
TEGI N
NUM:=NUM+1;
INSERT;

Eir
ELST
IY COMr 'D' THEN (n"COMMA Nr FOR DELFTIf 1011

3EG I N

DELETE;

F LSE 'REST; (~fIND TFv 7TGEEST ITrEM IN THE CUETE. -)
?PINT; (r DSPLAY PPTORITIFS INJ TFE CUFUt'.;)

YND. (Y !D OF MAIN PRCaGRAM'

In



D. LEFTIST TREE
(~THIS IS '"HE IvT~m!.RTA~IO'N OF A PR(?T Q!J Y USIMC

TVV!3!TIST TpvrF PPOPEPTY. P?CCDD IS t!Tqrh TO' PRSVNT NODrq*)
POC.?AM LEFTIST;f
CON ST MAYX=10k?
TYPE ?TR= NODF;

VA.? R('C'T:TR;
N7,PTY:INTF~P:

SE rRE Al
H: 3OOI.!AN;

PROCE-LURE INSEPT(?PTYINTIGF?; VA-4 P:PTR; VAR F:B-ootjAN);

VAP N:?TR? T E I.IN T-FC E.
'BEGIN (xc INSERT ThEr NEWt NOD7E INTO A IA7? IS'T TR?-E.-
Ir P .nTST 10' TT!N (IS IT LEAF 04ODF ~

P PDIST:=l
R:=TRUF;
FOD T:=1 TO 2 DO

(UVGN (*CREATF 2 FMPTY NnnTS FOR TrPr Ni~nSX.-

= N ' T!FT: =NLT

IFI = 1 Tur pLF-=

END;

EE~IN (*ROOT'S !Yv- IS ~~? ?N'? '~Si'C~

IFP ,FF IS =P RGH?2Nm-T NOTFIU

* =F1ISE (ge INSERTION PU-LF FcN-

'ELSE

END;



- - UZ=2 -E . -MM175--.----~~-

EP.QCETITF M?P.(!E(VAR P1,P2:PT);OAFTE'R rrLPTInN n7 Tty' )I
VAR "43: PTR; (.,RooTI ECS IT'M W 1h T RES

IF P2- .DIST = T!FEN P2:.=P1
ELSE

IF P1 Kr~y ' T7.~Y MUVN

P2:=Pl;
Pl:=P3;

EE MYPGP,2LV)

PRCCTDUq D*L-m?(P:PTR (FF AND~v~ R11B-I SBRVVST TE

F GC I N
IFNUM=1T!E

.Root riST:O

ELSE
IF N~ .LFFT0 TEN WRTI>N P-F NT7CF-

ELSE

BF~TN (:--VAE RITT SON ROOT AtD MEnrG *11

?~ERCE(P~.!FT,'~ (*LEFTAND PIGHT SUMTPF'~
,vRC-(P LY?,P.R!CEFT .T.E!FT);

END;
TNT;

Ft'NCTIO01 RANf'M:IMTEGER; (*C:GELPATES RAkNrovM ~ s

SEEr:= SPED * 2?.1e8e13 -4 1.415917;
SED:=S?3D - TPUNC(SEE) 4

PANDOM:=l TRTJNC(MAX SEED).
END;

113
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P'DOICYDURE PRINT(Tv.ST:PTR);

IF T!ST .vlrY <> e' TH!EN

WRINT(TESTT(LFY)

P-RINT(TEST RIC-IT
EN I,

'END;

TEC7IN (*MAIN *

SFED:=0.2000;
F:FALSE;
NEW(ROOT);
ROOT-.DIST:=O
ROoT-KT:@
ROOT .LEFT:=lIL;

ROOT .PIG'T:=NI;
WEIL Num~ < MAX DO

* EADLN(>' );

I? COMD='ITE

ELITL S!-!rCM 'PRY

I7 COAD ='D' THEN
B EGI N
IF NUMA = THEN WET~TFN('TvERE IS NO ITEM')
EL SE

YF C 1N
NUm:=NUM -1;

DTLMT(ROOr);4

END;,
PPINT('ROOT);

114 -x
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E. LINKED TREE
(~THIS IS TRE IMviPlFMEN TATION CF A P2ICRITY */FE :Y

USNG ALINED-TR:-El PROPERTY. A DATA TYPE PCCRD 13
('USED TO RFPREFSFNT NODE-S..

* PROGRAM LINKEDTREE;
TYpPm ?r.=-Nor?;

N0AF=??COr
L.EFTRIG!'T:?T

VAR C:~TCB

PRT:TEvXT;
N ,V,R.OCT:PT7;

PRCCEDRE i~ER'2P,"PTR PY:INTr FR 8( *Arn2 "-I-- z) t
'Qr!TN INEPTS NEW MIODE lNTO T2E TRE7 ~
17 MUM=! TFFN R0OT:=N (kx"EI?ST ITEMi 2C)

TTW.!Y~ PDTY THEN (* T IT. 1 S:LER

?W~ .LE7T T>IL'HEN ( ~HAS L!7T SON

IF W .?IGH'T 0> %IL T!TEN 14~ U3 ALO RA IGH! SO",.*
'B:5: TI~

=T R 3T

HT N TR jrnpFT TT U~ TY FT 4 N C

END;

FtS 1 a- SEICI FVLN3 ITEM AS RIGF- 3Z"*t;'

EL1S? it'LFFT :=N';T T4 I jI3: iE ITY. AS5 LEFT S:~
END

YLSF
nrEGTN (- c !FF FXCr.AN\ZES ART N-:CESSe?.y

Ta-.EYl:= -T

N r i -ns~

EN t (*EN!:0.?INSET ~ 115
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X: 7 % .- rO E -- T -JT HFS 1.o -.C

Y:=X .RIGT;

Tr V <\ VTL -:!rN (c~ L!? St?3T"FT 7'XiST

IF Z (>NIT TUTTS ( RICF SUB'2REF F'(IST '

? FCIN (* M'OVE' Lt'FT SC1 TC THE PP?.ENT POSIT2ION"!

Y.risc:=ya.pEsc - 1; LF:!~~RA~~ ~~~h'
IF Ya.Ir!?c 0 THEN .LF:Nj*vup
TLSF Dn:l

- END

3IN(c v ?I-HT S^A! To H Ov C.s sA~ ?CI IC
rIF:=-~y

I F c = rE F N .-1 ; ( A P

Eml
IR - v A

?SIX: SFF N 9?~C rSF TT,?T-,);rT

TFS-I TFN (1e'RITFXPT'- -TvT':;

EfL' 2

T"4

?pINTTFS aTrSm :TR

PRNT-V- -l-



____ ___ ___ ___ ___ __T __ _ _ G 1a.4N.

IF P"o'T*'

-~ ?CT:=RAIt M
WEILE N!3M 10? D

YiNT(RTC,9); )I FEADLN .(c..);

I7CFr 00f'P' TttFNk

4F N' r < (* O?.A! 'NOT ANTN INIPLIN Tu UE

1? 11 TR:= e I F C A,=JI,(TA - Ttl S

Kt Nil HE'! (?.T: RT);.IF
EELSE

'R ?117I
V 0 071,~Pi E~ LT7- I

FT SU F W T"M (CT:~~ (TV.AS IFI I- ~E

IJAI
EL-ME

~E~IM

V:=?O117I ___ i 77



F. AVL-TBE
THIS ISTH XPTMNATONO Avrr PTn')?Mv ^r7

USN NMTETP~T.A DATA TYPT! rCcllP iLs

(USED To '-PRPSENT NODES.

K PROGRAM AVLTREE;

KEPT:NTEGER;

VA!FTP1..P2:PTT;
BEGIN~I L: -1STF*'~ or'IT RE ~

IF~~ii r ltTE -5R~rrLEFnrN!TY Tv

V IT, Pl 2:CR
' BEGININET F!M rFIT R.

11E PD

BGIN

LFST ,PILFF,) ' o.;R ETSN~

- ASE P.A !

1:X BEGIN r_ TN (:FVITEM IS ?LSCS TAT POC D.*S

IF E"AVrN (( 7ENEC 2Er3EI
H: =FALSE;
EN D;

-1: EeIN R* EBA A NC T SUT?'!3'4. ~
P1:=PX.LE'T;
IF P1_.BAL =-1 THIN
B -G IN (-v rO IL ROTATI TON
r .LFFT:=Pl PRIGET;
Plf.RI0T :P;

P: =P 1;
END

El sF
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P.FGI N (2 7"0 L-P ?OTA flIOnN ;
P2: =Pl R!H

.2-LEFT:=P1;[
P MFT:=p2 .RirHT;

P2a.RIGHT :=P;
IF P2 .!!AI =- FN P .?AL:=+1

I F P2 .Q A L +1 TEENJ Pl .3AL:=-1

?LS SEA
F BEGIN ;

BEGI N

CASE P_.A 0 F
~:p-.BAr.=l ~~ FE IS SlAJTED TC R: RI CF vj 1:~G' (HF PRFVIICS I mALANCE AT P FAS -1

-f~B =V ALTSP;

1:BEGIN (* DALANCE SUTYE r

IF 1 B~t -+1 TEEM
r ~ ( Vt! rO1R PO-TTn~N *:A

Z] P:=P1;

ELSE
P~ D L RO7V4IrCN ~

P2:=PlaMFT;

P_.aRJE!T:=P2 .RFrET;
P2- .P L2':=P1
IP2 .LE+1FT:=P;.3T:

IF P2 T At -1 T F N P?1 FA 1+1
ELSE pi 1 1Mr

2 IL7, r~=~

p.3AL:=P';

-n~ r sr
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FUN~CTION 'PAXtO":iNTGrFP

SF:=?F~',- TUNc(%S!_rrD);
RANrt,,m:=1 + TRIUMC(e-s-r);

E.tiD;

PP3CrD~'C 'LAN' (VPD D:PTR; V!? -0 ooyA
VAR" 1,;:PT R 1: R!A LI CI E RAT

3AL 1 74ALP: -1 +1

H: =FALSE;

P1l:=Pl.AI

IF A~l<= e E1
(:* DC TI ? r T , T

paL Tl RIGFT; ?T!TI~
GET

I'l JkLlLI ~ ~ P1 .BAL+

ILS
END

'At: P2 FLIP2 1 - ,
P y L'T:P ?I;

P2-. .T-~=

TV P1 ma

?2 .!!AL:=T

END;

1.20



tI

??OCEDRT. rELE'E(VAR P:?TR; VAR E~C~N
VAR Q: PTR;
?FGTIN (* DEFLETrS TF? NOPD' WITT! !IGrST PRIORITY A)

IF NUMl = TEEN ,' U QLE ISEMPTY ~

WITIN('QUTUF TS FMPTY');
H:=FALSF;

END

Ir' P .?ImaFT 0 NIL THIEN
?r!GIN (19 SFAPCF, UN!TIL To REACH IFA: NODE ~

PELFE(?p.RI-ET,E); (* GO THItT RICIET SON )

IF H T7.!EN 'ALANC(?,E.); (XI REWALANOFC StU3TF'?F*)

P:=Q .LFFT;
H:=TPF;(*'R!ITHT OF THFF SUBTFFF HAS 93EEN RFrUICF'Dl)

WHIL ND 1S

BEGIN

WHILENU < 1D

~LSEWTEN(INALP ('MA1D

N.RT:RNO;4

IF~ -O D T . l



G. 2-3 TREE
(x'T'7S IS TV!E IvPI, M!'lATTION nv' A PRIIRITY CUE~yr vvx
(*US~ING A 2-3 TREE PROPERTY. t n TA TYPT (RF~r'T- 15*

(TTSED TO PrPPrSFNT T~r %OrrS IN T'-!r TDT!F.
PP 0 (,R AM T I .'0 T ;.0E s
TYP? PTR = NMIE

NODE=RBFCOPD

LM,Ct'NT:INTEGER;

VRN,F,V,Trmp ROCT,r,FATHFER TJ,PPTY:iTR;

Sv.ED:REA T;
PRT:TrYT;

*H RBOCI EAN;
PROCEDrEyp LTATE(VAR SoUN2:PrrR);I BECIN

~'E-ILE 3OtTND Fl'.qT"'.COUNT 0' DO ?0OUND:=POUNI).RIGET;

PROCErURr ADLcoN(Z:PTR);
VA? X,X1,Z1:PTP;
!FGTN(:'CREATlF NE'W VF'RTEX AND tAvr vrIHTVOST TWO SONS 0?, 'Z'*)

(X ~ EF A~D ,RlraT s c OF *)
X .L37T:=TE!w'P;

SMDE: =N iL;

TE1?.PAE4'VT: L

1-.:..PANTT:=

Z-.RIGHT:=Z-.MIDDLE;
Z .RIGHT".PARE.NT:=Z;
Z-.IDDLF:=CL;
IF Z .LEFT-.rvOfjNT <> J T !.0::N(Z' IS T~rF rAT-:rR O-r L- NOr:FS)

2 Ec I M
Z~ ~:=.RIT~.1(~ADJUST L AND M V LUES OF Z ~

ELS! (%v '7' IS N~OT THEE VAT!~FR OF LEAF NODES
BEGIN.IE;

UPDATE(Z 1);
Z.L:=Z.?Ir, .M(A~TST L AND mV. tUFS OF Z Tt'TFb Lra?,:)

UDATE(Z1);
Z -. M:=Z1 .RICHT.M

IF- X- . Tv'.Z*OUNT <> 10 THREN("'XIS THE FATHER OF LEAF NCDFS')'

7. M :.IP ;( ArJUA' L ,qNr V VALUE~S OF X'

END

122
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ELSE F, 'X IS NO 0 7A 7- FR CaF L ZA' 7 O~ N) CC)-

Xl:=K-.LEFT;
UPDAkTE(Xi);

X .i:=X .RQHT.M;(ADJUST L AND~ t VPLUS OF 'x'
X1:=X .RIG-HT;
tUPDATE(X);

IF' l. ")T=NIL THEN (y,'Z' IS ROOT.CREATE NEW ROOT ANL*NoII E!IN(~tAKE 'Z' LEFT SON OF ROO0T,'X' RI.P-lT SON OF ROCTY)
N EW );
V .EFT=Z;

V .R I G":=X;iiV -.PAPEN T :=N IL
Z .PAYENT:=V;
X- .PATRENT:
V1. vCUTN T: =2;
V . L :=Z-. t;
V- .!o: =X !-4

PCOT:=V;

(L~ 'Z* IS NOT ROC: -)

IEGI N

X:PAREN" RENT

IiF P.LEFT=Z THEN4
'BFG I (%FW VERiFX BFCVE3 ~tt Sr,,, 07 7hFA~'.--

F.A/'T L M I

Yv G I N

:= .PARENT;IF (f-.M' rT=\'IL T:D ( .. .±

Fc 
T

('rATiFR OF 'Z' HAS THI" SONS ~

123
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IF F_. LEFT =Z THii(-XNlEW VERTEX iEFCGi I S 5TcJ scCOG r SC )
BEGIN 7k o Y FA2W;l F0 m DiE~ F
TEMP: =F .I DIDlL 1;
F .MID DLF :=X; X: =N IL
ADDSON (1);

_;7j S F

IF F 11 .'IE T = Z T ' FF (NEW V R T ZX BC 0 MS FOIJ;R T SO0N)

ADDS Ci'1(F);
END

E L S E Z VE~iE 0CMES RI GHT SON OF YAfRFR

AvIDS C. (F)
EEND;

FENL: (IN END OF PROCEURE ADDSON IN)

FUNCTION SEARCH( A:.IN'TGiR; E:iT?):PTR;
BEGIN

I F R. .LTFT CCU T (0 i TEN (EN POINTER TO7 VER'EX-:!

IF A <=R L =F N (S~ C TR ETSN

ELSE
IF A(' ) <N ('SRC::E<NRLEF SOEN*

SEARCH:=SEA.RCE(Aq. L .: IiE)(sxc R MDLSO

"CLS F
SFACH: SEAllt!Ht(A , R .RIC Erl'); SE!.RCH THRU FIGHT 5 SON~

F~" T, OF ~TNTO~SrABCE~

?RTOCELUZ EI NT (T"ST: PTE);

IF TE-ST 0 "'IL T-EEFN

I F T PS T COUNT 0> 0HE
BEI

PRilNT(TE S T LFF T)
PRIN T(TEST-..-*IrDLE)
PRIN T(TEST .R I"HT);
END;

END;

FUNCTION RANDON:INTER;(*G3NERATES INTE'aEF AUf3ERS ~
BEGIN
SEED:=SEED IN 27.182813 + 4 1.41591?;
SEED:=SEED -TR[TrlC(SEjD);

RANDOM:=l + T--*N- (801- SEE-);
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IPROCEDURE I NSERT(NLW.: ITFCFR);
BEG-IN

IF~TI LIS=J THEw FIRST ITEM IN QUEUE
B G, I %,

N EY( N) M' RATE NEW NCA E AND TiNTTIALIZI4 WITH N DO
BEG I r
vCOUNT:=NUM;

M:=CCUNT; PARENT:=NIL;

P01 HT : =NIL;

V Or:= REAEFLS_ OTI H CEuTkNE;A '

BFGI

COUNT:-N;

LET: =N L ~ RET=
RIGHT: =NIL;

PARE:=NIL

IFC :~CJTRO =11;.i 2E

I IN 2 AT E 2 S2C.N I~TEM CIG K7 INTO C * ?OCU

N , 1V l.
IHNL

BE12 I



ELSE (*MAKE SECOND IL2Eh, LEFT SON Of ROOT '

ROOT .RIC- :=ROOT. LrT;
ROOT .LEFT :=N;
ROOT iA:=RCOT. L;i ~ ~~~ROOT L :=ROOT" LE! T". X;

EN D
~END

ELSE (Q' QUEUE HAS ALRFADY 2 OR MORE ITEM IN IT .)
BEGIN (41 CREATE NEW: NOLE AND INITIALIZE )

WITH N_ DO
BEG IN
COUNT: =NUM;

M: =COUNT;
LEFT: =N IL; ARF4T :=N I;
RIGHT:=NIL;
MIDDLE:=AIL;
END;XR ITE L X (P RT ,' ' NB " R' "N zR, RAN_-O . ",N^.0OUu,lT ;

F:=SEARC (C.COUTROOT); (PC;NTR C0 ThE Z CF .'PR%0?PFP PLAC7 MR '.IT-:.::
IF F".vIDDLZ = NIL TFFN :1 A S T;.O SON N )

IF N-.COUtNT <= !.L THEN

3EaIN (M MAKE HE E' .. " 1 E SC; 0F

LFFT
• LE T :-,,I

IF N' C >= . TEE
BY 1NJ I '*i igp v 'V...- SC . -:;
F.'IDDLE :=F RIGE':;

~~~F".RI GHT :;

Ni.PARENiT:=F;
IF (ROOT.MIDDLE = AIL) AN- (F = RccT) T ::r%R00T .M:=t".CCUh'"

ELSE

WHILE }".PARENT <N NIL r0
BEGIN
IF F".PA ENT".NIDDLF' NIL THF%
F : *"PANT; Mr.

END
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4

ELSE (*EAKF TFE NEW ITEM SON
PEGI N-".NII. E :=N ;
N. AF E.iT : =F;

E L S 2, 7 A.LRE.-DY HAS T27REE SONS"=

i N .COUNT <= F .L AHIN r -N ,
BEGIN (*SECOND* SON OF i
TE.P : =F..IDDLE;
F M, IDDLE :=i-.LFFT;

N -PARENT :=F;
APDSON(F);
END

ELSE
S.COUN <= F .M T.N( MAK-17, VERTEX

(' SECCNL SC" C? F FRO '  LBF?
~BEGIN
~~~TEMP :=F 'rIDDLE;

S.lARENT:=F;

PLDSON (i);
END

% ELSE
IF N .COUNT > F .RI"'T.COUNT TEFN

BEGIi (*MAKE dr2W VERTEX BE 4tft SON CF F--)
2FP:R.'"RIGHT;
F .RIGL.: =N; IH ~: :-TaUE;

7:=FALSF;

~END;I
EGN

~~T Eh : =I: N

$ AD D ' L ( F);

II
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PROCEDU:RE SU?SON;
VAR Kl:P"R;

FATHER:=K .?APENT;
IF FATHiER Y!IDD1LE - IL THEN (-xiATr-R EPS TIO SONSn-)

BEGIN
J:=FPTrH7R .L.EFT;
IFJ~.rL 0> II "ZZI (w~rEFT TROTHER EAS %Z SONS*/

J-.RIGFT :J-.MILDLE;
J .MIr.DLE:=NIL;

IF K LEFT-.COUIJT 0> V TfiFiv (*AIiJUSqT L A.'aL r tAUZ3;)
BEGIN

I Sl

T-PLATE(Kj);

END;

III;FA .. F A PF,%
BEGIN
?AT~nzrf:=ATr.Z, P AR---4T
IF FATHER-tI .ijr I. Fr X. T T.r El E'
E.ID;

ENlD -

ELSE (~LEYT PROTHR HAS !4O SONS ~
EEGINh

i orIDDLT:=j oRISET;
j R-T^,

F.AR11ET P AIH:1JA

IF = RCCT "M'i -7 RT.Mur-f TT- ROO7 rc
BF~'

ROOT-.?ARENT:=hlIL;
END

ELS susoNe~NT PACREZ TO ROOT,FATHER HAS ONY SONv:
ELS .t- 0.;: O Pt %...
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ELSE (*'FATHER HAS ZSON )
BEGIN
J:=FATHER .MItDDLE;

j - ~IF J tAIDDLE=iIL TE.N (r-MILDF RROTziEi HAS CS3)
I PEGI N

4j UTRIHT:=.LF2u

FkTHER-.M:IDDLF:=N1L;
FATFER .r:=K .L
WEILE FATEEK .PARINT 0 IVIL In,
3EGIU
FATHF : =FAT:;ER-.?ARFNT;

1-2 EL TERE, ILZ = NIL TEN FATEE,7R. r;'- .1;

ELS MIrDLS BRC71FER EAS THEE cSS)

K -LEFTl=j-.RIGzT
.LEFT-.PAR3NT:=-K

J-.RIC.ET:=J MIDL;

K L=K- .L FT-.V;

WHILE FATHER- .PARENT <> iIL to

FAL-HER:=FAT7R.ARFNT;
IF ATER.~itL =NIL Tr;- rATHER .Y:*r'.:

AND;

ENDI
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P.ROCEDURE DELETE; ("-REhO.VES 7MV RIO,;! (VoST NODF-v)
BEG iN
K: =POCT;

ELSE

BEG~I %I TRFFE ARE ONLY TWO IT~trS IN! F~ CUE?'
MAX=K.RICET .CCUNT;

K-.RI%"Hr: =N IL;
WRITELN(PRT,'MAX: ',MAX);-U
IF K WLEFT=NIL TEWN(4THERE IS 014LY ONE !IF!%, IN TEE QUZU~
WRITFLN(PRT,'IPAST ITEM')
ELSE
BEGI N

K-.LEET: :NIL'
END:

END
ELSE (;c TFERE ARE M~ORE T7Afl TWO ITEMVS IN TaF QUEUE E

BEGI1N1
UPrATE 0:);
VAX: =K-.P IGT!T COUNTz;

IF K'.MIDDLE = All T~rEN! StT3SC!J H~ SAS TWC SCNS
FL S1 (-- K~ HAS "TEE SON",~

EEGIN

7K.IGET =N iILLF

K_ -.I ULE :=NIL;

WHILE K- .FAREN.T 0 NIL D

BEGINj
K:=v .PAPENT;
IF VK .mIDDLF N I: TEFN K- r Er
ENr;

EN t;

Al. PRTYL:PTp

PRTY :=ROT;
IF ?RTYS..RIGfT < NIL1 T iiEN

UPDATE(P~rlT),A

END L(Pm'IGS ?RIOPFITY 1I1 *ZC-12

ELSE WRTI SVLN(?RT,'CU:VJF IS Er.?2Y.."2:
I D;
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BEG IN (-VIAI N7
RFYRITE(PRT, 'OONSOLF:');

H : =ALS r
VIRILE MI~R <25e re
37GI 4
READ Ccor );
IE FC 0' r I I' T EIN (*INSEBj CorMANr ~

INSET(4Tur);

ELSE
IV' COMD = 'D# THE ( DLTE7? CO!T M !AND ~
BFIN

fl!LE'rF;
ENE
,PTSEj.IF CO *D = 'B' TE'AN 3-:ST (T IND RIGEFST PRIORTY17)

ELE ?ITLN'(PPT,'INYALlr CnFNINt7')
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If. . . . . . . . . .

H. FIXED PRIORITY
(~T!'S IS Tmr IMPIFrEN,"PI. OF A PRInPI~r T~TJE
(~USING A FIX PRIP?.ITT PPERTY. A rATA TTPT RECnr~?D*
C~IS USTD TO ?FP'FSFUT TH' NODES. THY 1D ?1-LD I19~
(~TEV' RFCOPD INrICATS TurF frrNTIYICATInN OF A IEt'2,.)

PROGRAM FIXPRTY;
CONST M'AX=50;

N=i3; (%*N-u"FRA OF DIFFEENT PRIORITIFSz-A)

TYPE ?TR= C1T~;
CIT='RTCO~r

I D: I N TEC-R;

NEXT: CIT;

N~OrE=RECORD
F I PST ,; AS T: -C IT;

VA? S:APRAYE11'2. tlOF N ODE; (*INDEX Cv !-XT'-Ri4JL N(IEtS-l
TnT)AL:A;

COMD:CHAR I
PROCEDURE INSERT(K:I4TEGEP); (~INSERTS TEH N~

t 
0JD F

NFW(Y); (vCF.ATE NEY NflX 'FOR Sr I-F-x)
TY.ID-:=22; (NEY ITEM ID!vNTIFllCATCN*%

IF '3[X1.LAST= NTT, TEEN
TEGcI N (*-FIRST ITEM' IN THIS ?.RIfCRTY*)/
BtK1El. FIRST: =y M'~INK NEW
PfT1 .LAST:=T;
REEPAT (*SET UP ARRAY ARLONG ?ATF TrPU ROOT*)

TCTAL:=TOTeL + M~;
K:=K DIV 2; -

UNTIL K=Ze;

'ELSF (*T!!EPFE IS ITLEAST 0.1-- ITE-. IN THIS P~Y

Th.ASm- .'l-XT:=T; (3;LINtK NE'oo ITE"iv AS LkST 23E~

£ LK1 .LAST:=!;4

EN D;
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P1~OC!D FtELETE: (2 RYMOVYS TEE NOD! IT IGEEST ?RTY.

PYC IN
T? NOT (-I IN TOTAL ) EV-n WRI TLN('N ITEY IN U!'
ELSF

T:=NUN-1

J :1

IF 3+1 IN TOTAL TEE"N J+l; (*Go T"TJ R IG-T ~'
r4D:
IF ?[J1.FIDST1 0> 'J].LAST TEPI ?~ ARE AT- L?-AST 21=1

t nrj].FIRST:="' [1. IRST NEXT L*T' IN -I pw~

T T 1%17 1 k, E Is C !Ly our I Tyh, IN TzIS P"iOFI'Y:;

?[JI .LAST:=N11i;
TOTAI,:=TO)TAT - LT]
REP! AT

Ir (3T MOD 2) = 0TEEN
?'ECTN "-"v ADE O'N TE tEFFT SOn!.S!Nmr RIGFT SOA~ !S'
J:=J nIV 2 1~ T IS 30OOT F)
TCTP!:=TOTAL-[1,T

END

Tr J-1 BN TOTAT- THEN J:1~EAR:- ON :i I:- uc~ r-,-*
ELSE CFANC'T 1T. .~ oCTv-1

?'? IY, ( -tFFT SON 15 7FR.F?' ponT -7'o~
J:=3 DIV 2;
T07TA I=TnTP L- [J1;

UNTIL J=i;( RAD CCZTvA!.)
END;

,z~j r

S'F!:=SFFD c '17.19291-Z -3 51.41 f- 17;
S'Fsr:=sFvD - ;"U-CF-A1

RANC~=1+ -RT'1C ! -- SEzr);

PR.SmEuuE PPINT; --

'FOR V:1l TO I'DO
'EEG I N
IF V In TC7TA'"EN iEi!V'D

FLS! .1Tf)
"nr; wI T ZLN;
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... ..

T(n'AL:=[]*

F [T]1 FTST=N'!

B I I L 2S*N;

MAX:= pI -i 2.

NIL II~ no

t>xm= MIA T!?T(?OF IN~Z??:? F ~~

REN M M

IF T >M~ 77 N~2 ~L

P!T I N 

" T- S

4i

134



LIST OF REFERENCES

1. Alfred V. Aho, John E. Eoproft, and Jeffrey .tllmar.,

The Pesig. and Aralysis oC Corrputer Algorizh~s,

Addison-Wesley, Readinr, Mass. (1975).

?. A. Kerccienbaum and R. Van Slye, "Computin' inumum

Spanniz Trees Ffficiently," Proc. 25th Annual Conference of

the ACM, 1972, 51E-527.

3. B. L. Fo, "Accelerating List Processin" In iscrete

Prozra.'!ing, J.ACM 17, 2(anri l 197Z), &3-3&4.

4. Irown Mark Robbin, The Analysis of a Practical end Nea-ly

Ontinal Priority Queue, Ph. D. Thesis, Standford lriversitv ,

1977.

5. Donald B. Johnson, "Ffficiert Alacrit.7s for Shortest

Paths In Sparce Networks, J•ACM 24, 1(Janaury 1977), -!g.

6. FIlls L. Johnson, "On Shortest Paths and Sortir, ,  Prcc.

2Eth Annual Conference of The AC , 197?, I -517.

Donald F. 'nuth, The Art of Computer Prograrm'ln7, Vol.1,

Fundarental Algorths, Addison-,'esley, Reailr i, Yas .

A Donald F. nuth, The Art of Co-pup er Pro ra-Inz, ol ,

Sortinp and Searchin', LAdison-'Aesley, Read inz, 'ass.
(19 75).

I-J

l- e ft -%-



9. G. M. Adel son, Vel 'skil ea F. ta'd is, "An A1'orith~r

for the organ~ization. 'f information, roi. AiXed. Mauk SS S 1

r'. oil. Z(19e2), 125-1 2E:2

le. Peter C. Brillineer, t'cran J. Cotign, Introduc-tion tc

Data Structures and Ncon-Nu~eric Corpu~at1.on, Prertice-FAeIl,

Prerntice-Eall, Inc. (137E).

12. Sara Paasa, Corrptter Alizorithms:T-troli.tion to -.-irni

and Anelysts, Addtson.-.-esley Series ir Conputer Scier'ce,

(19P).

1 13. Th o mas A. Stendsh, Data Str'icture T hiq~ie s

Addison-ltesley series in Computer sn.(1900).

14. Ell11s Horowitz, Sartaj Sahni, %ndrrtals oO "eta

Structures, Computer Scionce Pr-?ss,. In- . ~P6

tescri~oticn et A nalyse rD'une Re-oreser 'ati on Perf crr;ar te tes

Files de Priorite,' Laboratoire de rechrhe er lnf'or-eticque

et Automatique, RaDpo-t de Recher'-he NV'.2F7, Avril.(197SE'.

16. P. . Foxc, J. K. Tenstra, A. 7. ' Firnocy F~en, . F.

S ch rare ".r rchir.r fror" the !.arc'est Tppoe Found,, Eu'ci' ear

Journ~al of rAperational Pesqar K1 !(1197T), 191-194:.



4

INITIAL DISTFIFUTION LIST

No. cories

1. Library, Code 014_2 2
Naval Postgraduate School
Monterey, California 93940

2. reuartment Chairman. Ccde 52 1
Departent of Computer Science
Naval Postgraduate School
Monterey, California 9Z940

3. kss. Professor D. R. Sri th, Cole 5?Sc 1
repartm.ent of Computer Science
Naval Posteraauate School
Monterey, California 93940

4. Turk reniz Kuvvetleri Kemutanlizi 2Fgitir Dairesi Baskanligl

ANKARA - TURKEY

5. Golcuk Ctornatic Bilpi Islem Xerkezi 1
GOLCUK - KCCAELI - TUFKFY

6. Eogazici Universitesi 1
Koirputer 3olumu
FBF.F - IST.AN'UL - TURKEY

7. Ortadogu Tekn!k Unliversitesi 1
Koiruter Boluru
ANKARA - TtU-KFY

2. rz. Utgm. Plinur Goksel 2
Atet Vefiik Pasa cad.
Tooyay At. No: 72/4
CAPA - ISTANBUL - TU'[Y

9. Defense Technical Information Center 2
Cameron S ta ton
Alexandria, Virginia 22314

a
1 7


